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Topological metals and semimetals have become a new focus in research after the 
development of TIs owing to their possible application in future electronic and 
spintronic devices. Nodal-point, -line, and -surface semimetals are three typical TSMs. 
The first one has zero-dimensional (0D) topological elements (TEs), which are 
generated by crossing points in the momentum spaces. The second one has a one-
dimensional (1D) TE, which is generated by band crossing along a line. The final one 
has a two-dimensional (2D) TE, which is formed by the conduction and valence band 
crossing points on closed nodal surfaces in the Brillouin zone (BZ).  
Nodal line semimetals were initially proposed in some carbon-based networks and have 
received intense attentions because of their unique electronic and optical properties and 
nontrivial drumhead-like surface states. In addition, the conjunction among multiple 
nodal lines can induce new band topology. 
The main aim of this PhD study was to develop new topological nodal line materials 
with 1D TEs based on density functional theory (DFT). In Chapter 1, the author 
introduces the background of nodal line, including its concept, symmetry protection 
mechanism, and its characteristics and classification. In Chapter 2, the author introduces 
the methodology, including the DFT, and some software. In Chapters 3-8, via DFT, the 
author proposes a series of already prepared three-dimension (3D) materials, including 
CsCl-type TiOs, anti-PbFCl-type NaAlGe, orthorhombic-type BaLi2Sn, 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃  type 
Nb3GeTe6 bulk, P63/m -type HfIr3B4, and P4/mmm  type quasi-2D 𝛼𝛼 -FeSi2, are 
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hosting 1D TE, i.e., nodal line states in their momentum space. The other excellent 
physical properties of these 3D materials are also discussed separately.  
The details of each work are demonstrated in the following: 
In Chapter 3, a synthesized CsCl-type binary alloy (TiOs) is presented as a nodal line 
(NL) semimetal (NLS) with three NLs centered at point X in the 𝑘𝑘𝑥𝑥,𝑦𝑦,𝑧𝑧 = 𝜋𝜋 plane; these 
NLs, which are protected by mirror, time reversal (𝒯𝒯 ), and spatial inversion (𝒫𝒫 ) 
symmetries, are perpendicular to one another. The exotic drum-head-like (DHL) surface 
states can be clearly observed inside and outside the crossing points in the bulk system. 
The crossing points, NLs, and DHL surface states of TiOs are resistant to uniform strain, 
electron doping, and hole doping. The TiOs system exhibits SOC-induced gaps when 
SOC is considered. When SOC is involved, the resulting surface Dirac cones indicate 
that the topological properties have been maintained. Similar to TiOs, ZrOs and HfOs 
alloys are NLSs in the Perdew–Burke–Ernzerhof method. However, the crossing points 
and NLs in both alloys disappear in the Heyd–Scuseria–Ernzerhof method.  
Based on first-principles calculations, Chapter 4 demonstrates that the synthesized 
NaAlGe intermetallic compound with anti-PbFCl-type structure is a NLS with four 
nodal lines in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 and 𝑘𝑘𝑧𝑧 = 0 planes. All these nodal lines in NaAlGe exist 
around the Fermi level (EF) and do not overlap with other bands. The exotic DHL surface 
states can be clearly observed; therefore, the surface characteristics of NaAlGe may be 
more easily detectable in experiments. Furthermore, the biaxial strain in this system is 
investigated; the results show the existence of rich NL states and that SOC has little 
effect on the band structure of NaAlGe.  
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In Chapter 5, it is demonstrated based on first-principles calculations that the recently 
synthesized BaLi2Sn material with 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃  structure is a NLS with perfectly 
intersecting nodal rings in the 𝑘𝑘𝑥𝑥 = 0 and 𝑘𝑘𝑦𝑦 = 0 planes when SOC is neglected. The 
intersecting nodal rings are further investigated by applying a low-energy effective 
Hamiltonian near the Γ point. The surface DHL state further confirms the existence of 
the 1D TE in this system. When the SOC is considered, although the SOC-induced gaps 
open at the band crossing points, a Dirac cross-like surface state can be observed this 
system. It should be noted that this material is thermally and mechanically stable. 
Based on first-principles calculations, it was discovered that three-dimensional (3D) 
Nb3GeTe6 bulk possesses a single closed NL in the 𝑘𝑘𝑥𝑥 = 0 plane and a 4-fold NL in 
the S–R direction when SOC is not considered (Chapter 6). Under SOC conditions, a 
new topological signature (i.e., an hourglass-like Dirac nodal line) occurs in Nb3GeTe6 
bulk. Moreover, the 2D Nb3GeTe6 monolayer features a doubly degenerate NL along the 
surface X–S paths. This monolayer exhibits the following advantages: (i) it is thermally 
stable at room temperature and above; (ii) its NL is nearly flat in energy and very close 
to the EF, which provides an optimal maximum value platform of the thermoelectric 
power factor around the EF; (iii) no extraneous bands are close to the NL near the EF. 
Moreover, the entanglement between the topological states and thermoelectric properties 
of the 2D Nb3GeTe6 monolayer was investigated. This thesis reports the discovery of a 
novel NL material and presents the link between the NL and thermoelectric properties. 
Based on first-principles calculations, the simultaneous existence of three different (0D, 
1D, and 2D) TEs in the synthetic compound HfIr3B4 with a P63/m-type structure is 
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presented in Chapter 7. More specifically, HfIr3B4 hosts a Dirac point state at the K point, 
a NL state in the 𝑘𝑘𝑧𝑧 = 0 plane, and a 2D TNS state in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 plane. All types of 
TEs (0D, 1D, and 2D TEs) coexisting in the P63/m -type HfIr3B4 provide an ideal 
platform for the study of the rich fermionic states and their related physical properties in 
this type of compound. In addition, because the 0D, 1D, and 2D TEs of HfIr3B4 are 
equally distributed in different energy ranges relative to the EF, an approach for on-
demand devices is proposed that uses individual TEs. 
Based on first-principles calculations, it is stated that quasi-2D 𝛼𝛼 -FeSi2 with a 
P4/mmm space group is a NLS with two nodal lines close to the EF (in the 𝑘𝑘𝑧𝑧 = 0 and 
𝑘𝑘𝑧𝑧 = 𝜋𝜋 planes) in Chapter 8. In general, NLs can be classified into type I, type II, and 
hybrid-type categories; each type has different physical properties. It is demonstrated 
for the first time that type-I, type-II, and hybrid nodal lines can be realized in a realistic 
material (i.e., in quasi-2D 𝛼𝛼-FeSi2) via strain switching. The realization of tunable nodal 
line types is possible because quasi-2D 𝛼𝛼-FeSi2 has special opposite-pocket-behaving 
bands around the EF. The results presented herein demonstrate that 𝛼𝛼-FeSi2 is a valuable 
candidate for spintronics applications when the type-I, type-II, and hybrid nodal line 
semimetals in a single material are tuned via a mechanical strain. 







I would like to express my heartfelt appreciation for the support of my supervisors Prof. 
Zhenxiang Cheng and Prof. Xiaolin Wang who provided me with the opportunity to 
conduct my PhD studies at the University of Wollongong. Their wide-ranging 
knowledge, profound analyses, broad vision, and rigorous and earnest work ethics 
affected me deeply, made me more diligent, and cultivated my fondness for scientific 
research.  
I appreciate having the opportunity to work with my principal supervisor Prof. 
Zhenxiang Cheng. His exceptional work ethics have positively impacted and inspired 
me. With the help of Prof. Zhenxiang Cheng, my English proficiency, essay writing 
level, experimental design ability, and ability to control hot topics have greatly improved. 
His careful guidance and support were crucial for the success of my thesis.  
I sincerely appreciate the help of Prof. Gang Zhang from A*STAR, Prof. Zhi-Ming Yu 
from Beijing Institute of Technology, A/Prof. Xiaoming Zhang and Dr. Ying Liu, Prof. 
Guodong Liu from Hebei University of Technology, A/Prof. Tie Yang and A/Prof. 
Minquan Kuang from Southwest University, A/Prof. Guangqian Ding from Chongqing 
University of Posts and Telecommunications, and Dr. Zheyin Yu and Dr. Tania Silver 
from University of Wollongong regarding the computational methods, result analysis, 
and discussion of problems I encountered during my PhD studies. 
Finally, I am grateful for the support and understanding from my family. 




Table of Contents 
 
Certificate of Originality ......................................................................................................... I 
Abstract .................................................................................................................................... II 
Acknowledgements ............................................................................................................... VI 
Table of Contents ................................................................................................................. VII 
List of Figures .......................................................................................................................... X 
List of Tables ....................................................................................................................... XXI 
1 Introduction and literature review ...................................................................................... 1 
1.1 The concept of nodal lines 3 
1.2 The symmetry protected nodal line 5 
1.2.1 Chiral symmetry (𝜫𝜫) 5 
1.2.2 Space-time inversion (𝓟𝓟𝓟𝓟) symmetry 5 
1.2.3 Mirror symmetry 7 
1.2.4 Glide mirror symmetry 7 
1.3 Characteristics and classification of nodal lines 8 
1.3.1 According to the type of degeneracy: Weyl- and Dirac-type nodal lines 8 
1.3.2 According to the type of dispersion: type-I, type-II, and hybrid nodal lines. 9 
1.3.3 According to the order of dispersion: linear, quadratic and cubic nodal line 11 
1.3.4 According to the shape. 14 
1.4 Nodal lines in two-dimensional (2D) materials and magnetic materials 15 
1.4.1 2D nodal line semiemtals 16 
1.4.2 Nodal lines in magnetic materials 19 
1.5 Topological surface states corresponding to nodal lines 20 
1.6 Rationale and projects for this thesis work. 22 
1.7 References 24 
2 Methodology ........................................................................................................................ 29 
2.1 Density functional theory 29 
2.1.1 Schrödinger equation 29 
2.1.2 Born–Oppenheimer approximation 30 
2.1.3 Honenberg-Kohn theorem 30 
2.1.4 The Kohn–Sham (KS) Equations 30 
2.1.5 Exchange and correlation 31 
2.2 Vienna ab initio simulation package (VASP) 32 
2.3 WannierTools 33 
2.4 References 33 
3 Novel nodal lines and exotic drum-head-like surface states in synthesized CsCl-type 
binary alloy TiOs ................................................................................................................... 35 
3.1 Introduction 35 
3.2 Materials and methods 37 
3.3 Results and discussion 38 
3.3.1 Electronic structures and topological signatures 38 
3.3.2 Effect of uniform strains, hole and electron dopings, and SOC 46 
3.4 Conclusions 49 
VIII 
 
3.5 Supplementary data 51 
3.5.1 Electronic structures under the PBE+U method 51 
3.5.2 Lattice constants under different uniform strain 51 
3.5.3 Topological phase transition under the effect of spin-orbit coupling 52 
3.6 References 53 
4 Rich nodal line bulk states together with drum-head-like surface states in NaAlGe with 
anti-PbFCl type structure ...................................................................................................... 57 
4.1 Introduction 57 
4.2 Materials and methods 59 
4.3 Results and discussion 60 
4.3.1 Electronic structures and topological signatures 60 
4.3.2 Surface states 65 
4.3.3 Effect of SOC 66 
4.3.4 Influence of biaxial strain on the electronic structures 67 
4.4 Conclusions 68 
4.5 Supplementary data 68 
4.6 References 75 
5 Intersecting nodal rings in orthorhombic-type BaLi2Sn compound .............................. 80 
5.1 Introduction 80 
5.2 Materials and methods 82 
5.3 Results and discussion 85 
5.3.1 Electronic structures and topological signatures 85 
5.3.2 Surface states 87 
5.3.3 Effect of SOC 89 
5.3.4 Structural stability 90 
5.4 Conclusions 91 
5.5 Supplementary data 92 
5.6 References 97 
6 Unique nodal line states and associated exceptional thermoelectric power factor 
platform in Nb3GeTe6 monolayer and bulk ....................................................................... 101 
6.1 Introduction 101 
6.2 Results and discussion 103 
6.2.1 Nb3GeTe6 bulk 104 
6.2.2 Nb3GeTe6 monolayer 107 
6.2.3. Effects of SOC 112 
6.3 Conclusions 114 
6.4 Supplementary data 115 
6.4.1 Computational methods 115 
6.4.2 Structural models 116 
6.4.3 Calculated elastic constants 117 
6.4.4 Calculated band structure via DFT+U 118 
6.4.5 Symmetry analysis 118 
6.4.6 Carrier relaxation time at 300K 120 
6.5 References 122 
IX 
 
7 Rich novel zero-dimensional (0D), 1D, and 2D topological elements predicted in the 
𝑷𝑷𝑷𝑷𝟑𝟑/𝒎𝒎 type ternary boride HfIr3B4 ................................................................................. 128 
7.1 Introduction 128 
7.2 Results and discussion 130 
7.3 Summary and outlook 138 
7.4 Supplementary data 140 
7.4.1 Structure parameters 140 
7.4.2 Computational methods 140 
7.4.3 Band structure with MBJGGA 142 
7.4.4 Topological properties under the effect of spin-orbit coupling 142 
7.5 References 143 
8 Strain tuning of closed nodal lines and opposite pockets in quasi-two-dimensional α-
phase FeSi2 ............................................................................................................................ 149 
8.1 Introduction 149 
8.2 Computational methods 152 
8.3 Results and discussion 153 
8.4 Additional discussions 166 
8.5 Summary 168 
8.6 References 169 
9 Conclusions and future research ..................................................................................... 175 






List of Figures 
 
Figure 1.1 Schematic of a nodal loop: (a) nodal loop formed by two crossing bands; (b) 
Berry phase of a closed path ℓ circling the nodal loop (green circle) is 𝜋𝜋. 
Figure 1.2 (a) Schwarz minimal primitive surface in 2×2×2 supercell. (b) Top view of 
6-1-1-primitive Mackay–Terrones crystals (MTCs) in 2×2 supercell. (c) Bulk and (001)-
surface BZ. (d) Band structure along selected high-symmetry points. 
Figure 1.3 Dirac chain and (b) hourglass dispersion. 
Figure 1.4 Three types of nodal lines classified by the energy dispersion: (a) type-I nodal 
line; (b) type-II nodal line; (c) hybrid nodal line; (d)−(f) show the typical shapes of the 
constant energy surfaces of the three types. 
Figure 1.5 Unique properties of type-II and hybrid nodal lines: (a) comparison between 
type-I and type-II nodal lines in terms of JDOS and optical absorption rate; (b) magnetic 
breakdown and its effect on anisotropic magnetic oscillation of a hybrid nodal loop. 
Figure 1.6 Schematic figures of higher-order nodal lines. 
Figure 1.7 (a) Top and (b) side views of crystal structure of ZrPtGa. (c) 3D BZ. (d) Band 
structure of ZrPtGa with SOC. (e) Enlarged view of band dispersion around P [marked 
in (d)]; P and Q are mid-points of paths Γ–A and K–H, respectively. Inset shows log–
log plot of energy ∆E between the two bands versus q. 
Figure 1.8 (a) Top and (b) side views of crystal structure of CaAgBi. (c) 3D BZ; P and 
Q are generic points on paths Γ–A and K–H, respectively. (d) Band structure of CaAgBi 
XI 
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PBE method. 
Figure 5.3 (a) Schematic diagrams of the INR states in BaLi2Sn; (b–d) shapes of possible 
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plane), respectively; (b and d) the projected spectra of the BaLi2Sn (100) and (010) 
surface states, respectively, with the DHL states marked by the arrows. The BCPs was 
highlighted by the cones. 
Figure 5.5 (a) Band structure of BaLi2Sn calculated with PBE and considering the SOC; 
(b) band structures of BaLi2Sn along the Y’(s)–Γ–Y direction; (c) surface BZ for the 
(100) and the positions of band crossing points B and B’; and (d) calculated projected 




Figure 5.6 Schematic diagrams of (a) isolated nodal ring; (b) nodal link; (c)-(d) INRs 
composed of two nodal rings and three nodal rings, respectively. 
Figure 5.7 Enlarged view of the band structure along the Γ-Z path. 
Figure 5.8 Band structure of BaLi2Sn calculated with HSE06. 
Figure 5.9 The calculated band structures along Γ-M (M = A, B, C, D, E, F, G, H, I, and 
Y) in the 𝑘𝑘𝑥𝑥 = 0 plane. 
Figure 5.10 The calculated band structures along Γ-N (N = X, A, B, C, D, E, F, G, H, I, 
and Z) in the 𝑘𝑘𝑦𝑦 = 0 plane. 
Figure 5.11 The calculated band structures along Γ-Q (Q = A, B, C, D, E, F, G, H, I, and 
X) in the 𝑘𝑘𝑧𝑧 = 0 plane. 
Figure 5.12 (a)-(c). schematic diagrams of possible 1D TE in 𝑘𝑘𝑥𝑥 = 0, 𝑘𝑘𝑦𝑦 = 0, and 
𝑘𝑘𝑧𝑧 = 0 planes. The TNR, i.e., the 1D TE, can be observed only in the 𝑘𝑘𝑥𝑥 = 0 and 𝑘𝑘𝑦𝑦 =
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Figure 5.13 The calculated band structures of the BaLi2Sn, calculated with the help of 
the first-principles tight-binding model within Wannier90 code. 
Figure 5.14 Calculated phonon spectrum (b) along the selected Γ-Z-T-Y-S-X-U-R (a) 
directions. The phonon dispersion was checked with the CASTEP modulus in 
MATERIALS STUDIO based on the finite displacement method. A plane-wave cutoff 
of 400 eV was used for the calculations. 
Figure 6.1 (a) Band structures of bulk Nb3GeTe6 via the Perdew–Burke–Ernzerhof (PBE) 
method; (b) the 3D BZ of the bulk, where the red lines represent the fourfold NL states 
and the blue ring shows the closed NL in the 𝑘𝑘𝑥𝑥 = 0 plane; (c) calculated total and 
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Z, Γ–A, Γ–B, Γ–C, and Γ–Y directions, respectively; (f) band structures of some general 
k-paths X–S–X’, U–R–U’ and D–E–D’ paths, where the D, E, and D’ points are the 
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Figure 6.2 (a) Phonon dispersion of monolayer Nb3GeTe6; (b) calculated band structures 
of monolayer Nb3GeTe6 along the Z–S–X–Γ path in the surface BZ; (c) surface BZ of 
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the X–S path; (d) and (e) different views of the 3 × 3 × 1 Nb3GeTe6 supercell at 0 ps; (f) 
and (g) different views of the 3 × 3 × 1 Nb3GeTe6 supercell at 5 ps and 300 K; (h) the 
relationship between the total energy and the time at 300 K; (i)–(k) calculated electronic 
transport performance, the Seebeck coefficient (S), the electrical conductivity (𝜎𝜎), and 
the power factor (PF) (𝑆𝑆2𝜎𝜎) as functions of the Fermi energy, at 300 K. 
Figure 6.3 (a)–(d) Different views of 3 × 3 × 1 Nb3GeTe6 monolayer at 5 ps and different 
temperatures: (a) 500 K, (b) 1000 K, (c) 1500 K, and (d) 2000 K. 
Figure 6.4 (a) and (e) Band structures of Nb3GeTe6 bulk and monolayer, respectively, 
with SOC; (b) band structures of Nb3GeTe6 bulk along the X–S and S–R directions, 
respectively; (c) shape of nodal line in U–X–S–R plane; (d) calculated band structures 
of Nb3GeTe6 bulk under S–Q (Q = A, B, C, D, U, G, H, I and X) paths. 
Figure 6.5 (a) and (b) Different views of the crystal structure of bulk Nb3GeTe6; (c) and 
(d) Different views of the crystal structure of monolayer Nb3GeTe6. 
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Figure 6.6. Calculated orbital-resolved band structures of 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 Nb3GeTe6 bulk. 
Figure 6.7 Schematic figure of the hourglass-like Dirac point along X-S path. 
Figure 6.8 (a) calculated total energy as a function of deformation Δ𝑙𝑙
𝑙𝑙0
;  (b) Fermi-
vacuum energy as a function of deformation Δ𝑙𝑙
𝑙𝑙0
. 
Figure 7.1 (a and b) Different views of the crystal structure of HfIr3B4; (c) selected high 
symmetry points, i.e., K–Γ–M–K–Γ–A–L–H–A, in the BZ of HfIr3B4; and (d) surface 
BZ, i.e., K� − Γ� − M� , of the (001) surface. 
Figure 7.2 (a and b) Band structures of HfIr3B4 calculated via the PBE and DFT+U 
methods, respectively; (c) an enlarged view of the band structure of HfIr3B4 along the 
M–K–Γ direction; and (d) the Dirac cone formed in the vicinity of the DP. 
Figure 7.3 (a) Calculated band structures of HfIr3B4 along the K–Γ–M direction, (b) 
schematic diagram of the NL state in the 𝑘𝑘𝑧𝑧 = 0 plane, (c and d) the 3D and 2D maps 
of the shapes of the CB and VB; in (d), the nodal line is highlighted by a white line, (e) 
illustration of the 1D TE and the selected k-paths through the nodal line, with the A, B, 
C, D, and E points equally spaced between the M and K points, (f) calculated band 
structures along the Γ–M, Γ–A, Γ–B, Γ–C, Γ–D, Γ–E, and Γ–K directions, respectively, 
and (g) the projected spectra of the (001) surface state with the drum-head-like states 
marked by the black arrows. The BCPs are highlighted with yellow balls. 
Figure 7.4 (a) Calculated band structure of HfIr3B4 along the Γ–A–L–H–A direction; (b) 
selected high symmetry points in the BZ of HfIr3B4, where E and R are the center points 
of the two triangles L–A–H and M–Γ–K, respectively, and the nodal surface state is 
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marked in yellow; and (c–e) the band structures of some general k-paths, i.e., A–R–H, 
E′–R–E, and K′–H–K, respectively. 
Figure 7.5 Calculated band structure of HfIr3B4 with help of MBJGGA. 
Figure 7.6 Calculated orbital-resolved band structure of HfIr3B4. 
Figure 7.7 Calculated band structure of HfIr3B4 in R1, R2, and R3 regions, with the SOC 
effect. 
Figure 7.8 Calculated band structures of HfIr3B4 under hole doping and electron doping 
effects: (a) with a hole doping concentration of 0.05 carrier per atom; (b) with an electron 
doping concentration of 0.0125 carrier per atom; (c) with an electron doping 
concentration of 0.05 carrier per atom. 
Figure 8.1 Schematic diagrams of type I nodal points (a) and type II nodal points (b). 
Figure 8.2 Schematic diagrams of type I TNR (a), type II TNR (b) and hybrid-type TNR 
(c). 
Figure 8.3 (a) Crystal structure of quasi-2D 𝛼𝛼-FeSi2; (b) selected high symmetry points, 
i.e., Γ-X-M-Γ-Z-R-A-Z, in the BZ of 𝛼𝛼-FeSi2 and surface BZ, namely, A�(M�) − R�(X�) −
Z�(Γ�), of the (001) plane; (c) band structure of α-FeSi2 along Γ-X-M-Γ-Z-R-A-Z paths. 
Figure 8.4 Calculated phonon dispersion of quasi-2D 𝛼𝛼-FeSi2. 
Figure 8.5 Calculated band structure of quasi-2D 𝛼𝛼-FeSi2 with U=4 eV for Fe-𝑑𝑑 orbitals. 
Figure 8.6 (a) Band structure of quasi-2D 𝛼𝛼-FeSi2 in R1; (b) selected symmetry points 
and shape of the nodal ring in the 𝑘𝑘𝑧𝑧 = 0 plane; (c) calculated band structures along the 
M-Q (Q = X, a1, a2, a3, a4, Γ, b1, b2, b3, b4) paths; (d) and (e) 3D and 2D band plots 
of the nodal ring centered at the M point in the 𝑘𝑘𝑧𝑧 = 0 plane; (f) calculated band 
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structure with SOC; and (g) projected spectra of 𝛼𝛼-FeSi2 (001) surface states with drum-
head-like surface states (marked by black arrows). 
Figure 8.7 (a) Band structure of quasi-2D 𝛼𝛼-FeSi2 in R2; (b) selected symmetry points 
and the shape of the nodal ring in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 plane (highlighted by red circle); (c) 
calculated band structures along A-P (P = R, a1, a2, a3, a4, Z, b1, b2, b3, b4) paths; (d) 
and (e) 3D and 2D band plots of nodal ring centered at the A point in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 plane; 
(f) calculated band structure considering the effect of SOC; and (g) the projected spectra 
of 𝛼𝛼-FeSi2 (001) surface states with black-arrow-highlighted drum-head-like surface 
states. 
Figure 8.8 Calculated orbital-resolved band structures of the Fe (𝑑𝑑) and Si (𝑝𝑝) orbitals 
for quasi-2D 𝛼𝛼-FeSi2. 
Figure 8.9 Rich types of TNR transitions ranging from -2% to 2% biaxial strains in 
the 𝑘𝑘𝑧𝑧 = 0 and 𝑘𝑘𝑧𝑧 = 𝜋𝜋 planes. 
Figure 8.10 Calculated phonon dispersions for quasi-2D 𝛼𝛼-FeSi2 under -2% and +2% 
biaxial strains. 
Figure 8.11 Band structures of quasi-2D 𝛼𝛼-FeSi2 under 0% (a), -0.29% (b), -0.84% (c) 
and -2% (d) biaxial strains. The type I and type II TNRs are marked by red circles and 
orange circles, respectively. 
Figure 8.12 Calculated band structures for quasi-2D 𝛼𝛼-FeSi2 under 1% and 2% biaxial 
strains. 
Figure 8.13 Schematic diagrams of the changing of opposite-pockets-like bands near EF 
in R3 and R2, respectively, in the range of -2% to +2% biaxial strain. 
XX 
 
Figure 8.14 (a) Schematic diagrams of 𝛼𝛼-FeSi2 target on piezoelectrics substrate by 
magnetron sputtering or pulsed laser deposition systems; (b) Schematic diagrams of 
adjustable deformation under the electric filed. 
Figure 8.15 band structure of 𝛼𝛼-FeSi2 calculated by TPSS MGGA method at 0% strain. 
Figure 8.16 calculated band structures of 𝛼𝛼-FeSi2 calculated by TPSS MGGA method 
at different strains. 
Figure 8.17 (a) (c) the projected spectra of 𝛼𝛼-FeSi2 (001) surface states with black-
arrow-highlighted drum-head-like surface states under -2% biaxial strain; (b) (d) band 
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1 Introduction and literature review 
Topological states of matter [1] have attracted great interest in physics research fields. 
The research focus has shifted from well-studied TIs [2-5] toward TSMs [6-13]. The 
latter represent a new, theoretically predicted, and experimentally discovered 
topological state of matter.  
In three dimensions (3D), two bands can cross each other either at discrete points or 
along a closed curve. In the former case, they are named “nodal point semimetals”. 
Nodal point materials can be classified based on at least the following aspects: (i) the 
degeneracy of the point. For example, significant effort has been made to find nodal-
point (NP) materials with 2-, 3-, 4-, 6-, and 8-fold degenerate band crossings [10-15]; 
NP materials with 2-, 3-, and 4-fold degenerate band crossings (i.e., Weyl, triply 
degenerate, and Dirac NP materials) are of significant importance owing to their novel 
physical properties; (ii) the band dispersion near the points [16]. In addition to the 
common linear dispersion, quadratic and cubic dispersions can be found around NPs in 
the low-energy regions. Moreover, the linear dispersion around NPs can be classified 
into three types according to the tilting degree of the fermion cone: type I, type II, and 
critical. At type-I (type-II) NPs, the two bands that form the NP have opposite (equal) 
velocities; critical NPs are formed by one flat band and one dispersive band.  
In the latter case, the curve at which the bands cross is usually called “a nodal line” [17-
21]; nodal line semimetals/nodal line metals (NLSMs/NLMs) are of particular 
importance because they can host many sub-types and undiscovered physics phenomena. 
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Based on the different forms of nodal lines, the existence of a series of nodal line 
materials, including nodal ring, nodal chain, nodal link, nodal knot, and nodal net 
materials with exotic electronic and optical properties have been predicted. Moreover, 
based on the different degenerate band crossings, NLSMs/NLMs can be further 
classified into two types: (i) Dirac-type NLSMs/NLMs with 4-fold degeneracy and (ii) 
Weyl-type NLSMs/NLMs with 2-fold degeneracy.  
In nodal line materials, the band crossing points can form a nodal line in the momentum 
space of solids. If all the band crossing points on the nodal line belong to one type, the 
nodal line is of the corresponding type. If the nodal line contains one more type of band 
crossing points, it is a hybrid nodal line. Higher-order nodal lines can also be found in 
nonmagnetic systems according to Yu et al. [16]. It should be noted that nodal line states 
in the momentum space can form many sub-types. For example, the nodal line can be 
classified into two parts: a closed nodal line and an open nodal line based on whether 
the nodal lines expand to the edge of the first Brillouin zone (BZ). More details about 
nodal line semimetals can be found in Sections 1.1–1.5. 
Different from nodal point and nodal line semimetals, in nodal surface semimetallic 
materials [22], the conduction and valence bands cross on closed nodal surfaces in the 
BZ. Two types of nodal surface semimetals are proposed when spin–orbital coupling 
(SOC) is neglected. In the first case, the nodal surfaces are protected by space–time 
inversion and sublattice symmetries and characterized by a 𝑍𝑍2 index; in the second case, 
the nodal surfaces are protected by the combination of nonsymmorphic two-fold screw-




1.1 The concept of nodal lines 
As shown in Figure 1.1, when two energy bands in a solid intersect, a one-dimensional 
(1D) nodal line is formed in the BZ. In a single-particle system, this line is always closed; 
therefore, it is also named a “nodal loop”. Close to any point P on the loop, the dispersion 
is linear along the two transverse directions of the loop; the low-energy effective model 
around P can be expressed as follows [23]: 
ℋ(𝑞𝑞) = 𝑣𝑣1𝑞𝑞1𝜎𝜎𝑥𝑥 + 𝑣𝑣2𝑞𝑞2𝜎𝜎𝑦𝑦 + 𝜔𝜔 · 𝑞𝑞,                                     (1.1) 
where 𝑞𝑞 is the wave vector measured from P, 𝑞𝑞𝑖𝑖 (𝑖𝑖 = 1, 2) is 𝑞𝑞′s two components 
along the two orthogonal transverse directions, 𝑣𝑣𝑖𝑖 is the corresponding Fermi velocity, 
and the Pauli matrices 𝜎𝜎′s represent the degrees of freedom of the two intersecting 
energy bands. This model is expanded to the first-order term of 𝑞𝑞, and the dispersion 




Figure 1.1 Schematic of a nodal loop: (a) nodal loop formed by two crossing bands; (b) 
Berry phase of a closed path ℓ circling the nodal loop (green circle) is 𝜋𝜋 [24]. 
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The dispersion relationship near the nodal line can be obtained based on this model. The 
energies corresponding to the two eigenstates |𝑢𝑢±(𝑞𝑞)⟩ are as follows:  
𝐸𝐸± = 𝜔𝜔 · 𝑞𝑞 ± �𝑣𝑣12𝑞𝑞12 + 𝑣𝑣22𝑞𝑞22.                                        (1.2) 
For a closed path ℓ in the 𝑞𝑞1 − 𝑞𝑞2 plane (see Figure 1.1(b)), ℓ can be regarded as a 
1D insulator because of the included local energy gap. When ℓ is sufficiently close to 
the nodal line, the Berry phase of ℓ circling the nodal loop is 𝜋𝜋: 
∮ 𝒜𝒜(𝑞𝑞) · d𝑞𝑞 = 𝜋𝜋 ℓ ,                                                  (1.3) 
where 𝒜𝒜(𝑞𝑞) = �𝑢𝑢—�𝑖𝑖𝛻𝛻𝑞𝑞𝑢𝑢—� is the Berry connection of the valence band. 
Model A (Equation 1.1) provides a local description of a nodal line. Moreover, a simple 
model (model B) is presented to provide a general description of a nodal line. Evidently, 
unlike model A, model B is not universal; nevertheless, it can improve the understanding 
of the concept of nodal lines. In addition, it can be used as a starting point for the 
calculation of the physical properties of nodal lines. 







�𝑘𝑘𝜌𝜌2 − 𝑘𝑘02�𝜎𝜎𝑥𝑥 + 𝑣𝑣𝑧𝑧𝑘𝑘𝑧𝑧𝜎𝜎𝑦𝑦,                                 (1.4) 
where 𝑘𝑘𝜌𝜌 = �𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2, 𝑃𝑃, 𝜂𝜂, and  𝑘𝑘0 are the model parameters.  
Equation (1.4) contains (1.1) as a low-energy model via identifying 𝑞𝑞1 to be along the 
in-plane radial direction 𝑘𝑘�𝜌𝜌, and 𝑞𝑞2 to be along the 𝑘𝑘�𝑧𝑧-direction, with correspondences 





1.2 The symmetry protected nodal line 
The nodal line states of nodal line semimetals require additional symmetry protection. 
In this section, the several symmetries that can protect a nodal line are discussed. 
 
1.2.1 Chiral symmetry (𝜫𝜫) 
Chiral symmetry can be described as follows: 𝛱𝛱:𝛱𝛱𝐻𝐻(𝒌𝒌)𝛱𝛱−1 = −𝐻𝐻(𝒌𝒌). This symmetry 
is particularly evident in the energy spectra of systems. For solid systems, this symmetry 
type can usually be encountered in two cases: 1. In a superconducting system: when the 
Nambu representation is used to describe the excitation spectrum of superconducting 
quasiparticles, the corresponding Bogoliubov–de Gennes model has chiral symmetry 
owing to the generation of hole degrees of freedom (the time reversal symmetry is 
maintained); 2. The system’s lattice is bipartite. That is, it can be divided into two sets 
of sublattices, and the orbitals in each sublattice are only coupled with the orbitals in the 
other sublattice. In this case, the chiral symmetry is also called “sublattice symmetry”. 
 
1.2.2 Space-time inversion (𝓟𝓟𝓟𝓟) symmetry 
When a system has 𝒫𝒫𝒯𝒯 symmetry and SOC is negligible, the Berry phase on any closed 
path in the BZ must be quantized. Because the symmetry requires no SOC, this nodal 
line generally appears in materials composed of light-element atoms with weaker SOC 




Figure 1.2 (a) Schwarz minimal primitive surface in 2×2×2 supercell. (b) Top view of 
6-1-1-primitive Mackay–Terrones crystals (MTCs) in 2×2 supercell. (c) Bulk and (001)-
surface BZ. (d) Band structure along selected high-symmetry points [18]. 
 
Weng et al. [18] stated that graphene networks with negative curvature (i.e., MTCs), 
formed with a Schwarz minimal primitive surface, are nodal line semimetals. The 
structural models of this material are shown in Figures 1.2(a) and 1.2(b). In addition, the 
band structure is shown in Figure 1.2(d). There are band crossing points along the X–R 
and R–M directions, respectively. Owing to the coexistence of 𝒫𝒫 and 𝒯𝒯 symmetries, 
there exist certain gauge conditions under which the spineless Hamiltonian is completely 
real valued. Around the crossing point, the two-level 2×2 Hamiltonian is as follows [18]: 
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ℋ = 𝑑𝑑0�𝑘𝑘�⃗ � + 𝑑𝑑𝑥𝑥�𝑘𝑘�⃗ � · 𝜎𝜎𝑥𝑥 + 𝑑𝑑𝑦𝑦�𝑘𝑘�⃗ � · 𝜎𝜎𝑦𝑦 + 𝑑𝑑𝑧𝑧�𝑘𝑘�⃗ � · 𝜎𝜎𝑧𝑧.                       (1.5)  
Without loss of generality, 𝑑𝑑𝑖𝑖�𝑘𝑘�⃗ � are all real functions of 𝑘𝑘�⃗ . The eigen energy of ℋ is 
as follows:  
𝐸𝐸�𝑘𝑘�⃗ � = ±�𝑑𝑑𝑥𝑥2�𝑘𝑘�⃗ � + 𝑑𝑑𝑦𝑦2�𝑘𝑘�⃗ � + 𝑑𝑑𝑧𝑧2�𝑘𝑘�⃗ � + 𝑑𝑑02�𝑘𝑘�⃗ �                             (1.6) 
The energy degeneracy can be collected when 𝑑𝑑𝑥𝑥,𝑦𝑦,𝑧𝑧�𝑘𝑘�⃗ � = 0 is satisfied for 
𝑘𝑘�⃗ (𝑘𝑘𝑥𝑥, 𝑘𝑘𝑦𝑦,𝑘𝑘𝑧𝑧) in the 3D momentum space. When the Hamiltonian is real-valued, 𝑑𝑑𝑦𝑦 =
0; 𝑑𝑑𝑥𝑥,𝑧𝑧,0�𝑘𝑘�⃗ � = 0 can be expanded near 𝑘𝑘0, and the location of the band crossing points 
can be confirmed as follows:  
𝑑𝑑𝑥𝑥 �𝑘𝑘�⃗ 0� ≈ 𝛿𝛿𝑥𝑥 + 𝑣𝑣𝑥𝑥����⃗ �𝑘𝑘�⃗ − 𝑘𝑘0� = 0,                                        (1.7) 
𝑑𝑑𝑧𝑧 �𝑘𝑘�⃗ 0� ≈ 𝛿𝛿𝑦𝑦 + 𝑣𝑣𝑧𝑧���⃗ �𝑘𝑘�⃗ − 𝑘𝑘0� = 0.                                        (1.8) 
Normally, Equations 1.7 and 1.8 provide a line in the vicinity of 𝑘𝑘0; its direction is 
determined by 𝑣𝑣𝑥𝑥����⃗ × 𝑣𝑣𝑧𝑧���⃗ . Hence, the two band crossing points along the X–R and R–M 
directions belong to a closed nodal line instead of being isolated points in the momentum 
space. 
 
1.2.3 Mirror symmetry 
It should be noted that a mirror symmetry-protected nodal line can appear in a system 
with and without SOC; it is related to the respective other symmetry (such as 𝒫𝒫 and 𝒯𝒯 
symmetries) in the system [25].  
 
1.2.4 Glide mirror symmetry 
In this section, a single-crystal ReO2 [26] with space group number 60 (Pbcn) is 
presented as an example to introduce the glide mirror symmetry-protected nodal line. 
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This crystal has an interesting Dirac chain, which consists of one loop in the 𝑘𝑘𝑧𝑧=𝜋𝜋 plane 
and one loop in the 𝑘𝑘𝑥𝑥=𝜋𝜋 plane (Figure 1.3(a)). There is another isolated Dirac point on 
the T–Y path. These crossings are four-fold degenerate and correspond to the neck 
crossing point of the hourglass-type dispersion (see the example in Figure 1.3(b)). Figure 
1.3(b) shows the schematic band dispersion along the R–P path.  
 
Figure 1.3 (a) Dirac chain and (b) hourglass dispersion [26]. 
 
The hourglass Dirac chain is solely determined by the space group symmetry of the 
structure [26], which may be generated by the following symmetry operations: the 
inversion 𝒫𝒫  and two glide mirror planes involving half lattice translations 












) . The 
tilde above a symbol indicates nonsymmorphic symmetry. Combining all three 





1.3 Characteristics and classification of nodal lines 
 
1.3.1 According to the type of degeneracy: Weyl- and Dirac-type nodal lines 
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In the definition of a node, the Weyl point refers to the 2-fold degenerate point that 
satisfies the Weyl model; the Dirac point refers to the 4-fold degenerate point that 
satisfies the Dirac model. The terms “Weyl” and “Dirac” can be used to describe the 
degeneracy of the nodal line: the 2-fold degenerate nodal line is the “Weyl nodal line”, 
while the 4-fold degenerate nodal line is the “Dirac nodal line”. Dirac-type nodal lines 
generally appear in systems with 𝒫𝒫𝒯𝒯 symmetry and SOC. 
 




Figure 1.4 Three types of nodal lines classified by the energy dispersion: (a) type-I nodal 
line; (b) type-II nodal line; (c) hybrid nodal line; (d)−(f) show the typical shapes of the 
constant energy surfaces of the three types [24]. 
 
For type-I points, the cone is slightly tilted, and the electron- and hole-like states occupy 
different energy ranges; the cone of type-II points is completely tipped over, and the 
electron- and hole-like states coexist in the same energy range. Type-I and type-II nodal 
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lines [27,28] (see Figures 1.4(a) and 1.4(b)) only consist of type-I and type-II nodal 
points, whereas hybrid nodal lines [23] are composed of type-I and type-II points (see 
Figure 1.4(c)). Figures 1.4(d)–(f) show the significantly different constant energy 
surfaces of these three types. Type-II nodal lines [23] have special magnetic oscillation, 
magnetic response, light response, and transport properties. As shown in Figures 1.5(a) 
and 1.5(b), the JDOS and optical energy absorption rate are strongly suppressed for the 
type-II nodal line. Zhang et al. [29] theoretically studied the magnetic response 
properties of hybrid nodal lines and reported a zero-field magnetic breakdown effect and 
significant anisotropy in magnetic resonance (see Figures 1.5(c) and 1.5(d)). 
 
Figure 1.5 Unique properties of type-II and hybrid nodal lines: (a) comparison between 
type-I and type-II nodal lines in terms of JDOS and optical absorption rate; (b) magnetic 





1.3.3 According to the order of dispersion: linear, quadratic and cubic nodal line 
Figure 1.6 Schematic figures of higher-order nodal lines [24]. 
 
Yu et al. proposed [16] the existence of nodal lines with quadratic or cubic dispersions 
in addition to conventional linear nodal lines. In addition, the researchers pointed out 
that (i) only quadratic/cubic nodal lines exhibit symmetry protection among higher-order 
nodal lines. Without symmetry protection, perturbation will destroy this line; (ii) The 
degeneracy of all the identified higher-order nodal lines is two; (iii) All the higher-order 
nodal lines are located along the high symmetry path going through the Γ point.  
The effective Hamiltonian of quadratic nodal lines is as follows [16]: 
ℋ𝑄𝑄𝑄𝑄𝑄𝑄(𝑞𝑞) = 𝛼𝛼𝑞𝑞—2 𝜎𝜎+ + H. 𝑐𝑐.,                                           (1.9) 
where α is a complex parameter, 𝑞𝑞± = 𝑞𝑞𝑥𝑥 ± 𝑖𝑖𝑞𝑞𝑦𝑦, and 𝜎𝜎±= 𝜎𝜎𝑥𝑥 ± 𝑖𝑖𝜎𝜎𝑦𝑦. 
The effective Hamiltonian for cubic nodal lines is as follows [16]: 
ℋ𝐶𝐶𝑄𝑄𝑄𝑄(𝑞𝑞) = 𝑖𝑖(𝛼𝛼𝑞𝑞—3 + 𝛽𝛽𝑞𝑞+3)𝜎𝜎+ + H. 𝑐𝑐.,                                  (1.10) 





Figure 1.7 (a) Top and (b) side views of crystal structure of ZrPtGa. (c) 3D BZ. (d) Band 
structure of ZrPtGa with SOC. (e) Enlarged view of band dispersion around P [marked 
in (d)]; P and Q are mid-points of paths Γ–A and K–H, respectively. Inset shows log–





Figure 1.8 (a) Top and (b) side views of crystal structure of CaAgBi. (c) 3D BZ; P and 
Q are generic points on paths Γ–A and K–H, respectively. (d) Band structure of CaAgBi 
with SOC. Cubic nodal line is highlighted in blue. Right panel shows enlarged band 
structure around generic point P [16]. 
 
In this section, two materials with quadratic and cubic nodal lines are presented, 
respectively. The band structures of ZrPtGa (with space group P-62c) and CaAgBi (with 
space group P63mc) are shown in Figures 1.7(d) and 1.8(d), respectively. Evidently, 
quadratic nodal line states appear on the Γ–A path in ZrPtGa, and cubic nodal line 
fermions occur along the Γ–A path in CaAgBi. Unfortunately, the higher-order nodal 
line fermions in these materials are not “clean” around the EF. Therefore, searching for 









Figure 1.9 Nodal lines with different distributions in BZ: (a) nodal lines in a carbon 
allotrope [30]; (b) nodal line in CuTeO3 [31]. 
 
The shapes of the nodal lines in the carbon allotrope and CuTeO3 are shown in Figures 
1.9(a) and 1.9(b). The nodal lines in the carbon allotrope traverse the BZ, whereas the 
nodal line in CuTeO3 is concentrated around a point in the BZ. That is, the former nodal 
line is open, and the latter is closed. Based on the argument of Li et al. [31], this open 
line is topologically distinct from the closed nodal loop because the former cannot 
continuously contract to a point. 
Some materials have multiple nodal lines that are connected to each other and form a 
complex structure. It is difficult to classify these cases systematically. Figure 1.10 
presents some typical examples, including crossed nodal rings, a nodal box, inter-




Figure 1.10 Different structures formed by nodal lines: (a) crossed nodal rings; (b) nodal 
box; (c) inter-connected nodal loops; (d) nodal Hopf link; (e) Weyl chain; (f) Dirac chain 
[24]. 
 
1.4 Nodal lines in two-dimensional (2D) materials and magnetic materials 
The research field of nodal lines has entered two new directions: nodal lines in 2D 
materials and nodal lines in magnetic materials. Sections 1.4.1 and 1.4.2 introduce the 









Figure 1.11 (a) Spin-up (blue curves) and spin-down (red curves) band structures of K2N 
monolayer. Three crossing bands near EF are bands I, II, and III, respectively. (b) 
Orbital-projected band structure of K2N monolayer, including N-𝑝𝑝𝑦𝑦 orbital (green), N-
𝑝𝑝𝑧𝑧 orbital (red), and K- 𝑝𝑝 orbitals (yellow). (c), (d) Shapes of two nodal lines L1 and 
L2, respectively. (e) Fermi surface of K2N monolayer. (f) Momentum distribution of 




Two-dimensional (2D) materials are stable materials composed of one or several layers 
of atoms. The behavior of 2D fermionic states is totally different from that of their 3D 
counterparts. Moreover, the properties of 2D materials are tunable because they are 
sensitive to the environment [33,34]. Since the discovery of graphene [35] in 2004, 2D 
materials have attracted great interest. Graphene exhibits many extraordinary 
characteristics owing to its pseudospin-1/2 Dirac fermionic states in the low-energy 
region. This finding has motivated researchers to discover other 2D topological 
materials with novel types of emerging fermions. The following 2D materials have been 
presented as topological materials with linear Dirac points: silicene [36], germanene [37], 
α-graphyne, β-graphyne [38], and 2D boron hydride layers [39]. 
Furthermore, nodal line fermions can be found in 2D carbon nitride covalent networks, 
d0 metal K2N [32], B2C [40], 2D metal-chlorides XCl (X = Sc, Y, La) [41], and X3SiTe6 
(X = Ta, Nb) [42]. 
As shown in Figure 1.11, a K2N monolayer [32] is a NL material with rich nodal line 
states. Thus, band I crosses bands II and III, thereby forming four band crossing points 
on the M–Γ–K path. As shown in Figures 1.11(c) and 1.11(d), nodal line L1 is formed 
by bands I and II, while nodal line L2 is formed by bands I and III.  
When SOC along the out-of-plane [001] direction is considered, the magnetization 
direction does not break 𝑀𝑀𝑧𝑧 in the ferromagnetic state. Thus, L1 and L2 experience 
SOC as long as the mirror symmetry is preserved. When SOC is added, band I at Γ point 
belongs to the Γ3 irreducible representation of the 𝐷𝐷4ℎ  point group symmetry, and bands 
II and III belong to the Γ4 irreducible representation. With the states of bands I and II as 
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the basis, the effective Hamiltonian for L1 (up to the quadratic order) becomes as follows 
[32]: 
𝐻𝐻�𝑘𝑘𝑥𝑥, 𝑘𝑘𝑦𝑦� = �
(𝑃𝑃 + 𝛼𝛼𝑘𝑘2) 0
0 −(𝑃𝑃 + 𝛼𝛼𝑘𝑘2)
�,                             (1.11) 
where 𝑘𝑘2 = 𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2  and the coefficients 𝑃𝑃  and 𝛼𝛼  are real, material-dependent 
parameters. 
The condition 𝑃𝑃𝛼𝛼 < 0 for L1 demonstrates that the nodal line L1 occurs in this system. 
For L2, the effective Hamiltonian has the same form as Equation (1.11). 
It should be noted that the nodal line states in the 2D Cu2Si and CuSe monolayers [43,44] 
have been verified in angle-resolved photoemission spectroscopy (ARPES) experiments. 
Figure 1.12(e) presents the ARPES intensity plots measured along the Γ–K direction of 
Cu2Si 2D material from Feng et al. [43]. The band crossings (i.e., the nodal lines) occur 
on both sides of the Γ point (indicated by the black arrows). Furthermore, linear 
dispersion can be observed near the nodal lines; these observations agree well with the 





Figure 1.12 (a) Top and side views of atomic model of Cu2Si monolayer. Orange and 
blue spheres represent Cu and Si atoms, respectively. (b)–(d) Band structures of Cu2Si 
without and with SOC, respectively. (e) ARPES intensity plots along Γ–K direction 
measured with 30 eV photon energy. Black arrows present positions of crossing points 
[43]. 
 
1.4.2 Nodal lines in magnetic materials 
Researchers have predicted the existence of several magnetic materials with nodal lines. 
For example, ferromagnetic materials Co2TiX (X = Si, Ge, or Sn) [45], MnF3 [7], oxide 
magnetic materials with cubic lattices (such as Fe3O4 and CrO2) [46], and Li3(FeO3)2 
[47] are assumed to host nodal line states. Wang et al. [46] pointed out that the nodal 
lines in Fe3O4 and CrO2 are protected by mirror symmetry and can still exist under the 
action of SOC. 
In addition, nodal lines can exist in antiferromagnetic materials. Wang et al. [48] 
discussed the theoretical formation mechanism of antiferromagnetic nodal lines with 
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SOC and proposed two different types of nodal lines: the former is caused by band 
reversion (i.e., it is an accidental nodal line), and the formation of the latter is completely 
determined by some magnetic space groups (i.e., it is the essential nodal line). 
Researchers have found evidence for the existence of nodal lines in the 
antiferromagnetic material GdSbTe [49] in ARPES experiments. 
Only a few ferromagnetic 2D NL semimetals (NLSs) have been reported, including 
layered Fe2Sn [50], GdAg2 monolayers [51], MnN monolayers [52], layered Fe3GeTe2 
[53], Na2CrBi trilayers [54], and XCl (X = Gd, Sc, Y, La) monolayers [41,55]. These 
examples confirm the feasibility of realizing NLSs in 2D materials; however, two 
problems remain. First, most nodal lines in these ferromagnetic 2D materials are usually 
gapped under SOC conditions [41]. Second, the Curie temperature (TC) [52] in existing 
ferromagnetic 2D NLSs is relatively low. Hence, 2D magnetic nodal line materials with 
high TC and resistance to SOC must be found. 
 
1.5 Topological surface states corresponding to nodal lines 
Nodal line semimetals host unique surface states, i.e., drum-head-like (DHL) surface 
states. In 2014, Yang et al. [17] demonstrated the existence of such surface states for 
nodal rings in superconductors (see Figure 1.13(a)). For the quasiparticle spectrum of 
superconductors, the energy of these states is strictly zero owing to the hole symmetry; 
this results in a completely flat surface band without dispersion.  
Metallic materials have no limitation regarding this symmetry, and the surface bands 
generally exhibit dispersion; thus, the DHL state is not flat in energy. The existence of 
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DHL surface states in nodal line metals has been proved for many realistic materials (see 
the example in Figure 1.13(b)) [18]. 
When the nodal line belongs to 4-fold degenerate Dirac-type nodal lines, the 
corresponding DHL surface state is often doubled, i.e., it is called “a double DHL surface 
state” (see the examples in Figures 1.13(c) and 1.13(d)) [26,42]. 
For higher-order nodal lines (i.e., quadratic and cubic nodal lines), Yu et al. [16] 
proposed that quadratic-nodal line materials generally do not host protected surface 
states; however, cubic-nodal line materials exhibit very peculiar surface states, i.e., torus 
surface states (see Figure 1.13 (e)). These topological surface states can be detected in 
ARPES or STS experiments [56]. 
 
 
Figure 1.13 Surface states of nodal line metals: (a) DHL surface states of nodal rings in 
superconductors. (b) Drumhead surface states in 3D carbon allotrope; (c), (d) Double 
drumhead surface states in ReO2 and Ta3SiTe6. (e) Surface states of cubic nodal line, 




1.6 Rationale and projects for this thesis work. 
The rationale of this thesis is as follows: 
(1) Most theoretical predictions of nodal line materials have not been confirmed 
with experiments. The main reason may be that the existing NL materials are 
not sufficiently ideal. Hence, nodal line materials with clean nodal lines among 
the already prepared/existing materials must be found; 
(2) Topological materials with single dimensional topological elements (TEs) have 
been widely investigated by researchers. To study more thoroughly the 
entanglement among zero-dimensional (0D), 1D, and 2D TEs, a single material 
with nodal point, nodal line, and nodal surface states must be found; 
(3)  Type-I, type-II, and hybrid nodal lines have different physical properties. It is 
unclear whether all types (type I, type II, and the hybrid type) of 1D nodal lines 
can occur in a realistic high-quality material. To answer this question, a new 
compound must be chosen as a target to realize type-I, type-II, and hybrid NLs 
with special methods (e.g., by inducing strain); 
(4) The characteristics of 2D fermionic states are totally different from those of 
their 3D counterparts. Therefore, a suitable material must be chosen to study its 
topological properties in the 3D and 2D forms. 
(5) When the protecting symmetry in a NLS is broken, the nodal line is either fully 
gapped or gapped into several nodal points. Therefore, studying the influence 
of SOC on the nodal line states and investigating the new topological signature 
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under SOC conditions is useful. 
The projects of this thesis are as follows: 
(1) The NL state of the synthesized CsCl-type binary alloy TiOs is presented; TiOs 
is assumed to be a nodal line semimetal with nodal lines in the 𝑘𝑘𝑥𝑥,𝑦𝑦,𝑧𝑧 =  𝜋𝜋 plane 
that are protected by mirror, time reversal (𝒯𝒯 ), and spatial inversion (𝒫𝒫 ) 
symmetries. In addition, the DHL surface states are discussed.  
(2) Four nodal lines in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 and 𝑘𝑘𝑧𝑧 = 0 planes that appear in synthesized 
NaAlGe intermetallic compound are presented. The nodal lines in NaAlGe are 
very “clean” and close to the EF. Moreover, biaxial strain-induced rich types of 
nodal lines are discussed in detail.  
(3) It is demonstrated that synthesized BaLi2Sn material is an ideal topological 
semimetal with a 1D TE and intersecting nodal rings in the 𝑘𝑘𝑥𝑥 = 0 and 𝑘𝑘𝑦𝑦 =
0  planes without SOC. With SOC, the system exhibits a Dirac cross-like 
surface state.  
(4) It is stated that 3D Nb3GeTe6 bulk hosts a 1D TE, i.e., a closed NL in the kx =
0 plane and a 4-fold open NL in the S–R direction without SOC. Moreover, the 
topological characteristics of a 2D Nb3GeTe6 monolayer with and without SOC 
are discussed.   
(5) It is stated that three different (0D, 1D, and 2D) TEs are simultaneously present 
in the synthetic compound HfIr3B4 with a P63/m-type structure. This compound 
is a good platform for studying the entanglement among these TEs. 
(6) It is stated that realistic 𝛼𝛼-FeSi2 is a NLS with two nodal lines. Different types 
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of nodal lines (type-I, type-II, and hybrid nodal lines) can be induced in this 
material via strain switching.  
The author would like to point out that these above-mentioned materials are selected 
from the Materials Project [57]. The Materials Project's mission is to accelerate the 
discovery of new technological materials through advanced scientific computing and 
innovative design tools. 
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2.1 Density functional theory 
Density functional theory (DFT) [1,2] is computational technique used to predict the 
properties of molecules and bulk materials. It is a method for investigating the electronic 
structure of many-body systems and is based on a determination of a given system’s 
electron density rather than its wavefunction. 
 
2.1.1 Schrödinger equation 
For a many-body system, the movement in an external potential can be obtained by 








�𝜓𝜓(𝑟𝑟1, 𝑟𝑟2, … , 𝑟𝑟𝑄𝑄)
= 𝐸𝐸𝜓𝜓(𝑟𝑟1, 𝑟𝑟2, … , 𝑟𝑟𝑄𝑄)                                                                                  (2.1) 
Where, 𝑁𝑁 is the number of total electrons, −ℏ
2∇𝑖𝑖2
2𝑚𝑚
 is kinetic energy and 𝑈𝑈�𝑟𝑟𝑖𝑖 , 𝑟𝑟𝑖𝑖� is 
the electron-election interaction. Many sophisticated methods, like Hartree–Fock and 
post-Hartree–Fock methods, are developed to solve the many-body Schrödinger 
equation through the expansion of the wave-functions in Slater determinants. The huge 
computational cost limits the application of these methods in complex systems. DFT 
provides an alternative pathway to solve the Schrödinger equation based on Bron-





2.1.2 Born–Oppenheimer approximation 
The Born–Oppenheimer approximation assumes that the molecular wavefunction can 
be written in the form 𝜓𝜓𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑙𝑙 = 𝜓𝜓𝑒𝑒𝑙𝑙𝑒𝑒𝑒𝑒𝑡𝑡𝑒𝑒𝑡𝑡𝑒𝑒𝑖𝑖𝑒𝑒 × 𝜓𝜓𝑣𝑣𝑖𝑖𝑣𝑣𝑒𝑒𝑡𝑡𝑡𝑡𝑖𝑖𝑡𝑡𝑒𝑒𝑡𝑡𝑙𝑙 × 𝜓𝜓𝑒𝑒𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑖𝑖𝑡𝑡𝑒𝑒  and therefore 
that the energies due to each type of motion are additive 𝐸𝐸𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑙𝑙 = 𝐸𝐸𝑒𝑒𝑙𝑙𝑒𝑒𝑒𝑒𝑡𝑡𝑒𝑒𝑡𝑡𝑒𝑒𝑖𝑖𝑒𝑒 +
𝐸𝐸𝑣𝑣𝑖𝑖𝑣𝑣𝑒𝑒𝑡𝑡𝑡𝑡𝑖𝑖𝑡𝑡𝑒𝑒𝑡𝑡𝑙𝑙 + 𝐸𝐸𝑒𝑒𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑖𝑖𝑡𝑡𝑒𝑒. This gives rise to electronic and vibrational quantum numbers 
which are often a good first order description of the energy levels and wavefunctions of 
a molecule. The application of the Born–Oppenheimer approximation leads naturally to 
the rigid rotor description of a molecule – we treat the rotation separately from the 
vibrational motion of the nuclei, which are considered later as a perturbation. 
 
2.1.3 Honenberg-Kohn theorem 
Hohenberg and Kohn [3], in a famous paper [3] of 1964, were the first who proved in a 
rigorous way that (i) the properties of the ground state of an N-particle system can be 
expressed as functionals of its density 𝜌𝜌(𝑟𝑟); (ii) the ground state energy 𝐸𝐸  can be 
expressed in terms of such a functional and 𝐸𝐸(𝜌𝜌) obeys a variational principle. 
 
2.1.4 The Kohn–Sham (KS) Equations 
The Hohenberg-Kohn theorem does not provide a way of finding the ground state 
density. To solve this problem, Kohn and Sham introduced a method to separate 𝐹𝐹(𝜌𝜌) 
into three parts, namely, kinetic energy of a non-interacting electron gas with density 
𝑇𝑇𝑠𝑠(𝜌𝜌), the coulomb interaction energy 𝐽𝐽(𝜌𝜌), and the exchange-correlation energy 𝐸𝐸𝑥𝑥𝑒𝑒(𝜌𝜌).  
Namely, 𝐹𝐹(𝜌𝜌) = 𝑇𝑇𝑠𝑠(𝜌𝜌)+ 𝐽𝐽(𝜌𝜌)+ 𝐸𝐸𝑥𝑥𝑒𝑒(𝜌𝜌).                                (2.2) 
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𝐸𝐸𝑥𝑥𝑒𝑒  (𝜌𝜌) = 𝑇𝑇(𝜌𝜌) − 𝑇𝑇𝑠𝑠(𝜌𝜌) + 𝑉𝑉𝑒𝑒𝑒𝑒𝜌𝜌 − 𝐽𝐽(𝜌𝜌).                                (2.3) 
𝐸𝐸(𝜌𝜌) = 𝑇𝑇𝑠𝑠(𝜌𝜌) + 𝐽𝐽(𝜌𝜌)













+ �𝑉𝑉(𝑟𝑟) 𝜌𝜌(𝑟𝑟)𝑑𝑑𝑟𝑟 + 𝐸𝐸𝑥𝑥𝑒𝑒(𝜌𝜌).                                                                 (2.4) 
Minimizing the functional 𝐸𝐸(𝜌𝜌)  by varying 𝜌𝜌  over all densities containing N 




∇2 + 𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒(𝑟𝑟)𝜙𝜙𝑖𝑖(𝑟𝑟) = 𝜀𝜀𝑖𝑖𝜙𝜙𝑖𝑖],                             (2.5) 
where 𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒(𝑟𝑟) = 𝑉𝑉(𝑟𝑟) + ∫
𝜌𝜌(𝑒𝑒′)
𝑒𝑒−𝑒𝑒′




.                                                                                                             (2.7) 
By Solving the Kohn-Sham equations [4], one can obtain {𝜙𝜙𝑖𝑖}, ground state density 
𝜌𝜌(𝑟𝑟) , and energy 𝐸𝐸(𝜌𝜌) . The exact form of 𝑉𝑉𝑥𝑥𝑒𝑒(𝑟𝑟) is not available, a suitable 
approximate for it permit the calculation of certain physical quantities quite accurately. 
Hence, DFT looks formally like a single-particle theory, although many-body effects are 
still included via the exchange-correlation functional [5]. 
 
2.1.5 Exchange and correlation 
Local Density Approximation (LDA) [6] is the simplest 𝑉𝑉𝑥𝑥𝑒𝑒  approximation which has 
been proven amazingly successful in a large number of systems. In this approximation, 




𝐸𝐸𝑥𝑥𝑒𝑒(𝜌𝜌) = ∫𝜌𝜌(𝑟𝑟)𝜀𝜀𝑥𝑥𝑒𝑒𝜌𝜌(𝑟𝑟)𝑑𝑑𝑟𝑟                                           (2.8) 
The exchange and correlation potentials can be shown as: 
𝑉𝑉𝑥𝑥𝑒𝑒(𝑟𝑟) = 𝜀𝜀𝑥𝑥𝑒𝑒[𝜌𝜌(𝑟𝑟)] + 𝜌𝜌(𝑟𝑟)
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥(𝜌𝜌)
𝜕𝜕𝜌𝜌
                                      (2.9) 
and the 𝜀𝜀𝑥𝑥𝑒𝑒(𝜌𝜌) = 𝜀𝜀𝑥𝑥(𝜌𝜌) + 𝜀𝜀𝑒𝑒(𝜌𝜌). The 𝜀𝜀𝑥𝑥(𝜌𝜌) and 𝜀𝜀𝑒𝑒(𝜌𝜌) include exchange term and 
correlation term, respectively. 
The LDA assumes that the density is the same everywhere. Because of this, the LDA 
has a tendency to over-estimate the exchange-correlation energy. To correct for this 
tendency, it is common to expand in terms of the gradient of the density in order to 
account for the non-homogeneity of the true electron density [7]. This allows for 
corrections based on the changes in density away from the coordinate. 
These expansions are referred to as generalized gradient approximations (GGA) [8] and 
have the following form: 
𝐸𝐸𝑥𝑥𝑒𝑒(𝜌𝜌) = ∫𝑓𝑓[𝜌𝜌(𝑟𝑟),∇𝜌𝜌(𝑟𝑟)]𝑑𝑑𝑟𝑟 = ∫𝜌𝜌𝜀𝜀𝑥𝑥𝑒𝑒[𝜌𝜌(𝑟𝑟),∇𝜌𝜌(𝑟𝑟)]𝑑𝑑𝑟𝑟.                  (2.10) 
 
2.2 Vienna ab initio simulation package (VASP) 
VASP [9] is a package for performing ab initio quantum mechanical molecular dynamics 
using either Vanderbilt pseudopotentials, or the projector augmented wave method, and 
a plane wave basis set. The basic methodology is DFT, but the code also allows use of 
post-DFT corrections such as hybrid functionals mixing DFT and Hartree–Fock 
exchange, many-body perturbation theory (the GW method) and dynamical electronic 






WannierTools [10] is a software for investigation of novel topological materials. This 
code works in the tight-binding framework, which can be generated by another software 
package Wannier90. It can help to classify the topological phase of a given materials by 
calculating the Wilson loop, and can get the surface state spectrum which is detected by 
angle resolved photoemission (ARPES) and in scanning tunneling microscopy (STM) 
experiments. It also identifies positions of Weyl/Dirac points and nodal line structures, 
calculates the Berry phase around a closed momentum loop and Berry curvature in a 
part of the Brillouin zone (BZ). Besides, WannierTools also can calculate ordinary 
magnetoresistance for non-magnetic metal and semimetal using Boltzmann transport 
theory, calculate Landau level spectrum with given magnetic field direction and strength, 
and get unfolded energy spectrum from a supercell calculation. 
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3 Novel nodal lines and exotic drum-head-like surface states in synthesized CsCl-
type binary alloy TiOs 
 
3.1 Introduction 
Over the past 10 years, TIs [1–5] have received widespread attention from researchers 
around the world. Due to the band inversion effect [6], the topological insulator has 
peculiar topological elements, that is, the bulk material exhibits insulating properties, 
and the surface state exhibits metallic properties. In recent years, investigation of the 
topological elements has been extended to three-dimensional (3D) semimetal materials 
[7–11]. This type of material exhibits excellent physical properties [12–14] (Weyl 
fermion quantum transport and Hall effects) because it contains different types of 
topological elements. Therefore, following the TIs, topological semimetals (TSMs) can 
be regarded as a rising star in the field of quantum materials. 
To date, three types of TSMs, namely, Dirac semimetals (DSs), Weyl semimetals (WSs), 
and nodal line semimetals (NLSs), have been predicted in theory. 3D DSs [15–18], 
including a four-fold degeneracy point near the EF, can resist external disturbances 
because they are protected by crystal symmetry and time reversal symmetry (𝒯𝒯). Some 
theoretical works [18–20] have been done, and these efforts have greatly enriched the 
members of the 3D DS family. It must be mentioned that some novel topological 
elements predicted by theory have been experimentally confirmed. For example, 
Neupane et al. [21] systematically studied the electronic structure of Cd3As2 by means 
of high-resolution angular-resolved photoelectron spectroscopy (ARPES), and they 
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stated that the Cd3As2 system contains many unusual topological phases. Also, in 3D 
Na3Bi, Liu et al. [22] detected 3D Dirac fermions by ARPES with linear dispersion along 
all the momentum directions. If 𝒯𝒯 or reverse symmetry is broken, the 3D DS will evolve 
into a WS [23]. The well-known WS materials are the TaAs family, and their special 
topological elements have been experimentally confirmed [24]. 
For DSs and WSs, their crossing points (CPs) are distributed at different k points in the 
BZ, while the CPs near the EF of the NLS will form a closed loop [25-30]. Many different 
families and different types of NLSs are theoretically predicted. Normally, the NLSs can 
be roughly divided into three categories, i.e., type I NLS, type II NLS, and critical type 
NLS [27]. A schematic diagram of these three cases is given in Figure 3.1(c–e). For 
critical type NLSs (see Figure 3.1(d)), their distinguishing feature is the presence of 
energy bands feature an intersection between a horizontal and a dispersive band. In type 
I NLSs, these bands (see Figure 3.1(c)) exhibit a traditional conical dispersion in which 
the electron and hole regions are well separated by energy. In type II NLSs (see Figure 
3.1(e)), these bands are fully tilted, and their electron and hole states coexist at a given 
energy. Different types of NLSs have different special properties [29,31], although the 
different types of NLSs have a common topological element, namely, the drum-head-
like (DHL) surface states [32-34]. Such a two-dimensional (2D) flat surface band state 
provides another possible way to achieve high temperature superconductivity [35]. 
Therefore, searching for new, especially synthetic, NLSs is very necessary. In this 
chapter, the author will focus on an old synthesized CsCl-type [36] binary alloy, TiOs. 
The first observation of the ordered CsCl type TiOs system was reported in the work of 
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Laves and Wallbaum [37]. The lattice parameters obtained experimentally by Laves and 
Wallbaum were a = b = c = 3.07 Å. Also, Eremenko [38] observed that TiOs melts 
congruently at 2160 by differential thermal analysis. The lattice parameters obtained by 
Eremenko in 1966 were a/b/c = 3.081 Å. In this chapter, by means of first-principles, 
the lattice parameters of CsCl-type TiOs were optimized, and the calculated results were 
a/b/c = 3.806 Å. The results in this current chapter are in good agreement with their 
experimental values mentioned above. 
Based on first principles, TiOs alloy with the CsCl type structure is predicted to be a 
NLS with three type I nodal lines (NLs) that are perpendicular to each other. What is 
more, interesting DHL surface band states can be observed when the SOC effect is 
absent. The effects of uniform strain and hole/electron doping on the electronic 
structures will also be investigated in detail. In addition, the band structures of CsCl type 
ZrOs and HfOs alloys have been studied using the Perdew-BurkeErnzerhof (PBE) and 
Heyd-Scuseria-Ernzerhof (HSE) methods, respectively. 
 
3.2 Materials and methods 
In this study, the electronic structures of [Ti/Zr/Hf]Os have been calculated using density 
functional theory (DFT), within the VASP code [39]. The DFT method has proven to be 
one of the most accurate methods for computation of the electronic structure of solids 
[40-46]. The projector augmented wave (PAW) method was used to deal with the 
interaction between the ion cores and the valence electrons. The PBE [47] 
parameterization of the generalized gradient approximation (GGA) [48] was selected to 
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describe the exchange and correlation functionals. For the CsCl type [Ti/Zr/Hf]Os 
systems, a plane-wave basis set cut-off of 500 eV and a Monkhorst-Pack special 15 × 
15 × 15 k-point mesh were used in the BZ integration. The unit cell was optimized until 
the force and total energy were less than 0.005 eV/Å and 0.0000001 eV, respectively. 
The surface states of TiOs were investigated in this study via the WannierTools software 
[49], according to the method of maximally localized Wannier functions [50,51]. 
As an example, the crystal structure of CsCl type TiOs is exhibited in Figure 3.1(f), and 
one can see that the Ti occupies the (0.5, 0.5, 0.5) site, while the Os occupied the (0,0,0) 
site. A phonon energy calculation of [Ti/Zr/Hf]Os at their equilibrium lattice constants 
was performed in NanoAcademic Device Calculator (Nanodcal) code [52]. The results 
are given in Figure 3.2(a–c), and there are no imaginary frequencies in their phonon 
band structures, indicating that these compounds in this study are theoretically stable. 
 
3.3 Results and discussion 
 
3.3.1 Electronic structures and topological signatures 
Figure 3.1(a) exhibits the selected high symmetry points, i.e., Γ-X-M-Γ-R-X, in the BZ 
for CsCl type TiOs alloy. Based on these high symmetry points, the band structures of 
[Ti/Zr/Hf]Os alloys without SOC via the PBE method were calculated, and the results 
are collected in Figure 3.3(a–c). From them, one can see that there are three CPs near 
the EF in total, and they are along Γ-X, X-M, and R-X, respectively. These CPs are 
composed of two dispersions, and the two dispersion bands form a traditional conical 
dispersion at the CP, indicating that these CPs are of the first type (see Figure 3.1c). 
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What I need to point out is that this Ti/Hf/ZrOs system is protected by 𝒯𝒯 and spatial 
inversion (𝒫𝒫) symmetry, and the spin-less Hamiltonian is always real valued [27], so the 
observed three CPs in Figure 3.3(a)–(c) cannot exist in isolation. Instead, they should 
belong to a NL or other types of topological nodal structures. In order to explain this 
more clearly, in Figure 3.4(a) the energy band structure diagram of CsCl-type TiOs in 
the R-X-M direction is given. From it, one can see two CPs, one along the R-X direction 
and the other one along the X-M direction, in the 𝑘𝑘𝑧𝑧  =  𝜋𝜋 plane. A schematic diagram 
of the NL (𝑘𝑘𝑧𝑧  =  𝜋𝜋 plane) where the two CPs are located is also given in Figure 3.4(c). 
Therefore, one can draw the conclusion that an X-centered NL is formed in the 𝑘𝑘𝑧𝑧  =  𝜋𝜋 
plane. Due to the cubic symmetry of the material itself, it is easy to see that there are 
also two equivalent NLs that can be observed in the 𝑘𝑘𝑥𝑥  =  𝜋𝜋 plane and the 𝑘𝑘𝑦𝑦  =  𝜋𝜋 
plane (see Figure 3.5(a)). The NLs are located in the mirror-invariant plane, and these 
NLs enjoy the protection of the mirror symmetry 𝑀𝑀𝑥𝑥, 𝑀𝑀𝑦𝑦, and 𝑀𝑀𝑧𝑧, as the three CPs 





Figure 3.1 (a–b) Selected bulk BZ and its projections onto the (0 0 1) surface; (c–e) 
Three types of CPs; (f) crystal structure of CsCl type TiOs. 
 
 
Figure 3.2 (a–c) Calculated phonon band structures of [Ti/Zr/Hf]Os, respectively, at 0 





Figure 3.3 (a–c) Calculated band structures of [Ti/Zr/Hf]Os, respectively, with the PBE 
method; (d–f) Calculated band structures of [Ti/Zr/Hf]Os, respectively, with the HSE06 
method. 
 
As shown in Figure 3.4(a), one can see that that the CPs along the R-X and X-M paths 
are type I. To further illustrate that all the CPs along the whole first BZ and the X-
centered NL in the 𝑘𝑘𝑧𝑧  =  𝜋𝜋  plane are type I, a more detailed calculation was also 
performed. For CsCl type TiOs, there are fourfold rotation symmetry and mirror 
symmetry in the 𝑘𝑘𝑧𝑧  =  𝜋𝜋 plane, one can use 1/8 part to reflect the nature of the overall 
BZ, as shown in Figure 3.5(b). The 1/8 BZ is divided into 5 parts, so in addition to X-R 
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and X-M, the four additional directions X-A, X-B, X-C, and X-D are also selected. The 
band structures of TiOs along X-M, X-A, X-B, X-C, X-D, and X-R are given in Figure 
3.5(c)–(h), respectively. From the figures, one can see that all the CPs along these above-
mentioned paths belong to the type I nodal points, and therefore, the NL in the 𝑘𝑘𝑧𝑧  =  𝜋𝜋 
plane can also be seen as type I. Noted that a similar situation was reported for CaTe by 
Du et al. [53]. They found that CaTe is a NLS with three NLs when the SOC is absent. 
These three lines are also perpendicular to each other and focused on the M point. 
 
 
Figure 3.4 (a) Calculated band structure of TiOs along the R-X-M direction; (b) 
Projected spectrum on the (0 0 1) surface of TiOs; (c) Schematic diagram of NL (white 





Figure 3.5 (a) Schematic diagram of three mutually perpendicular NLs; (b) selected X-
M, X-A, X-B, X-C, X-D, and X-R paths; (c-h) calculated band structures of TiOs with 




Figure 3.6 Calculated orbital-resolved band structures of TiOs with PBE. 
 
 
Figure 3.7 Band structure of TiOs with PBE under different uniform strains, i.e., 1 GPa 
(a), 6 GPa (b), 10 GPa (c) and 20 GPa (d), respectively.
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Based on the above discussion, one can conclude that TiOs, ZrOs, and HfOs alloys are 
newly predicted NLSs without the SOC effect as calculated by the PBE method. In order 
to make the results more accurate, the calculations of the band structures of Ti/Zr/HfOs 
were repeated using the state-of-the-art HSE06 [54] functional, and the results are 
exhibited in Figure 3.3(d)–(f). Unfortunately, for ZrOs and HfOs, the three CPs observed 
under the PBE method disappeared, and these CPs were converted into three energy 
gaps. This means that, when using HSE06, one cannot theoretically observe the novel 
topological elements of ZrOs and HfOs. For TiOs compound, however, the three CPs 
still occurred under the HSE06 method. The DFT plus Hubbard correction (DFT+U) 
calculation for the TiOs system was also carried out in this work, and the results are 
given in Figure 3.11 in the Supporting Information. Therefore, in the following part of 
this chapter, the author only focuses on one material, namely, TiOs, and study its novel 
physical properties. 
The calculated orbital-resolved band structures of TiOs are shown in Figure 3.6, where 
the three CPs are formed by two bands crossing each other, which I have marked as 
Band 1 and Band 2 (see Figure 3.6). Band 1 mainly arises from the Ti-𝑑𝑑 orbitals, and 
Band 2 mainly comes from the Os-𝑑𝑑 orbitals. Therefore, the three CPs are formed by 
the hybridization between the Ti-𝑑𝑑 and Os-𝑑𝑑 orbitals. 
In nodal point-type topological materials, their surface states exhibit a Fermi arc type 
structure. Unlike the topological elements of nodal point materials, the surface states of 
the NLS should be DHL-type. To confirm the existence of these particular nontrivial 
topological, i.e., DHL, surface states, the projected spectrum of the TiOs (0 0 1) surface 
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along R in the surface BZ is calculated (see Figure 3.1(b)), and the obtained results are 
given in Figure 3.4(b). In this Figure, two yellow balls are used to indicate the location 
of the two band CPs (BCPs) along the R-X-M path, and black arrows are used to 
highlight the DHL surface states. From the figure, one can clearly see that some DHL 
surface states are located inside or outside the bulk NLs. Remarkably, between the two 
BCPs, the DHL surface state appears to be nearly flat. Based on Kopnin et al.’s work 
[35], a two-dimensional flat surface state is expected to be a good way to achieve high 
temperature superconductivity. It is hoped that the interesting DHL surface states in 
TiOs can be confirmed by ARPES and scanning tunneling microscopy in the near future. 
 
 
Figure 3.8 Band structure of TiOs with PBE under the electron doping effect (a) and the 
hole doping effect (b), respectively. 
 
3.3.2 Effect of uniform strains, hole and electron dopings, and SOC 
The effect of uniform strain on the band structure of TiOs was investigated and the 
results are given in Figure 3.7. The optimized lattice constants under different uniform 
strains can be seen in Table 3.1 (see Supplementary data). As shown in Figure 3.7(a)–
47 
 
(d), 1 GPa, 6 GPa, 10 GPa, and 20 GPa, respectively, were added during the calculations 
of band structures. In order to verify whether the TiOs is still stable under different 
uniform strains, the phonon band structures under different strains were calculated. As 
an example, a phonon band structure at 20 GPa is given in Figure 3.2(d), and one can 
see that there is no imaginary frequency present, reflecting the proposition that TiOs 
under these uniform strains are still stable in terms of theory. From Figure 3.7, one can 
see that the CPs are still maintained, and therefore, the NL bulk and DHL surface states 
still exist in CsCl type TiOs under uniform strains ranging from 0 GPa to 20 GPa. 
In this chapter, the effects of electron and hole doping (with a doping concentration of 
0.025 carrier per atom [55]) on the band structures of TiOs are also studied. The 
calculated results are given in Figure 3.8, where one can see that the shape of the band 
structure of TiOs did not change except for a slight increase (hole doping induced) or 
decrease (electron doping induced) in the vicinity of the EF, which indicates that the 
excellent topological properties, such as the CPs, the NLs, and the DHL states, in the 
TiOs system exhibit strong resistance to both the hole doping effect and the electron 
doping effect. Usually, the EF position, and thereby the carrier concentration, can be 
adjusted by the use of a gate voltage [56,57]. 
Before closing, the effects of SOC on the TiOs system will be discussed because this 
system contains heavy elements. Generally, the SOC effect will drive the NL states into 
other different topological phases. Many NLSs were predicted without considering the 
effect of the SOC (see Table 3.2 in Supplementary data), even though, a transition from 
the NL state to another topological state can be found when the SOC is further added 
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because the SOC generally lifts the degeneracy on the nodal lines. For TiOs, SOC-
induced gaps can be found, and the results are exhibited in Figure 3.9. Along the X-M 
and R-X paths, the values of the opened gaps are comparable to that of CaAgAs [58], 
although the SOC-induced gap along Γ-X is somewhat larger than that of CaAgAs. 
In order to further confirm that the topological properties still are maintained in TiOs 
when the SOC effect is involved, the projected spectrum of the TiOs (0 0 1) surface 
under the influence of SOC is given in Figure 3.10. From it, one can observe that the 
surface Dirac cone has appeared, which confirms the occurrence of the nontrivial 
topological property even when the SOC effect is considered. 
 
 








In summary, the author has predicted that CsCl-type TiOs, ZrOs, and HfOs compounds 
are NLSs in the absence of the SOC effect with the PBE method. Under the HSE06 
method, however, only the NL states and the CPs in TiOs are maintained, and novel 
DHL surface states can be found inside and outside the bulk NL states of TiOs. With 
more detailed computations, one can conclude that there are three NLs centered at the X 
point and that these NLs (in the 𝑘𝑘𝑥𝑥/𝑦𝑦/𝑧𝑧 = 𝜋𝜋 plane) are perpendicular to one another. 
These NLs are protected by the 𝒯𝒯, 𝒫𝒫, and mirror symmetries. By calculating the orbital-
resolved band structures, one can see that the CPs, and even the NLs, are formed by the 
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hybridization between the Ti-𝑑𝑑 and Os-𝑑𝑑 orbitals. The effects of uniform strain, hole 
doping and electron doping on the electronic structures were investigated, and the 
calculated results showed that the NLs are very robust with respect to the above-
mentioned effects. SOC-induced gaps can be found in this system, and the gaps almost 
comparable with that of CaAgAs compound. Surface Dirac cones can be found in this 
system when the SOC is taken into consideration, indicating that the topological 
properties are still maintained. Importantly, TiOs was alloy is easy to synthesize, and its 
crystal properties have already been well studied experimentally. It is hoped that this 
work will bring this old material back to the attention of researchers. 
 
 





3.5 Supplementary data 
 
3.5.1 Electronic structures under the PBE+U method 
The effective Coulomb energy U was set at 2.0 eV for Ti-𝑑𝑑, and 3 eV for Os-𝑑𝑑 orbitals. 
The calculations revealed that the four band crossing points near the EF will not change 
when U=2 eV and 3 eV were added for Ti-𝑑𝑑 and Os-𝑑𝑑 orbitals, respectively (see Figure 
3.11 in Supplementary data). 
 
3.5.2 Lattice constants under different uniform strain 
 
Table 3.1 Optimized lattice constants under different uniform strains. 
 









3.5.3 Topological phase transition under the effect of spin-orbit coupling 
Table 3.2 Topological phases of materials with/without consideration of the spin-orbit 
coupling (SOC) effect. More details can be found in [59]. 
 
Materials NO SOC +SOC 
TaTa Nodal line semimetal Weyl semimetal 
ZrTe Nodal line semimetal Weyl semimetal 
CaAgP Nodal line semimetal Topological insulator 
CaAgAs Nodal line semimetal Topological insulator 
CaP3 Nodal line semimetal Topological insulator 
MTC Nodal line semimetal Topological insulator 
BaSn2 Nodal line semimetal Topological insulator 
BP Nodal line semimetal Topological insulator 
IGN Nodal line semimetal Topological insulator 
BCO-C16 Nodal line semimetal Topological insulator 
Be Nodal line semimetal Unknown 
Ca3P2 Nodal line semimetal Unknown 
Cu3PdN Nodal line semimetal Dirac semimetal 
Cu3ZnN Nodal line semimetal Dirac semimetal 
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4 Rich nodal line bulk states together with drum-head-like surface states in NaAlGe 
with anti-PbFCl type structure 
 
4.1 Introduction 
TIs [1-5] have been the hotspot of modern condensed matter physics for several years. 
The main features of TIs can be expressed as follows: (1) they exhibit energy band 
inversion and a bulk band gap caused by strong spinorbit coupling; (2) they possess 
gapless boundary states, i.e., their surface states have metallic properties. Different types 
and families of TIs have been widely investigated since the discovery of TIs in 
HgTe/CdTe quantum wells [6]. More interestingly, Miao et al. [7] found that nanoscale 
engineering can convert conventional semiconductors (with a sizable band gap and small 
spin-orbit coupling effect) into TIs. This research opens up new routes for designing 
topological insulator candidate materials. 
Recently, another class of materials containing interesting topological elements, namely, 
TSMs [8-25], has received wide attention. Compared with TIs, TSMs have a special 
topological surface state, interesting magnetic transport properties, and extremely high 
carrier mobility. TSMs are characterized by non-trivial band crossings (owing to the 
band inversion) between the conduction band and the valence band in the momentum 
space. Around the band crossings, the quasiparticles behave differently from the usual 
Schrödinger type fermions. 
According to the degeneracy of band crossing points (BCPs) and their distribution in the 
BZ, TSMs can be classified into the following types: DSs [26-28], WSs [29,30], and 
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NLSs [31]. A Dirac semimetal has two bands with double degeneracy, and the two bands 
cross each other at or along high symmetry points near the EF. On the other hand, its 
band crossings also receive protection from the crystal symmetry. In a Weyl semimetal, 
two non-degenerate band crossings can be observed around the EF. Moreover, no crystal 
symmetry protection is required for a Weyl semimetal. Significantly different from the 
isolated points in the Dirac and WSs, for a NLS, the crossings between the bands can 
form one-dimensional (1D) nodal lines (NLs)/loops in three-dimensional (3D) 
momentum space under certain crystal symmetries. Depending on the slope of the 
energy band dispersion in the momentum-energy space, TSMs can be viewed as two 
types [32,33]: type I and type II TSMs. For type I TSMs, these bands exhibit a traditional 
conical dispersion in which the electron and hole regions are well separated by energy. 
For type II TSMs, these bands are fully tilted, and their electron and hole states coexist 
at a given energy. There is also the possibility, however, that the NLs in the TSMs are 
composed of type I and type II CPs, and this new type of TSM is denoted as the hybrid 
type [34]. The physical properties of type I, type II, and hybrid type TSMs are quite 
different [35,36]. 
In this chapter, the author focuses on an experimentally synthesized intermetallic 
compound, NaAlGe [37] with an anti-PbFCl-type lattice structure. NaAlGe is proposed 
to host NL states near the EF. What is more, this material exhibits the following 
advantages: (1) There are no other external energy bands near the NLs; (2) The energy 
band crossing produces a total of four NLs, so the signal of the expected NLs would be 
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very obvious for experimental detection. Finally, biaxial strain was applied on this 
material and successfully induced different NL state transitions in NaAlGe compound. 
 
4.2 Materials and methods 
The crystal structures have been totally relaxed in this chapter (see Figure 4.5 in 
Supplementary data) with the help of density functional theory (DFT), and the obtained 
theoretical lattice parameters are a/b = 4.189 Å and c = 7.414 Å. The obtained lattice 
constants are consistent with the experimental values [37], i.e., a/b = 4.164 Å and c = 
7.427 Å. NaAlGe crystallizes in a tetragonal structure with the 𝑃𝑃4/𝑃𝑃𝑃𝑃𝑃𝑃 space group 
(No. 129). This unit cell contains six atoms, i.e., two Na atoms, two Al atoms, and two 
Ge atoms, respectively. The Na, Al, and Ge atoms occupy the (0.5, 0.0, 0.64), (0.0, 0.0, 
0.0), and (0.5, 0.0, 0.21) Wyckoff sites, respectively. In this chapter, the band structure 
of NaAlGe was calculated using density functional theory, within the VASP code [38]. 
The Perdew-Burke-Ernzerhof (PBE) [39] parameterization of the generalized gradient 
approximation (GGA) [40] was selected to describe the exchange and correlation 
functionals. The projector augmented wave (PAW) [41] method was used to deal with 
the interaction between the ion cores and valence electrons. For the anti-PbFCl type 
NaAlGe system, a plane-wave basis set cut-off of 500 eV and a Monkhorst-Pack special 
13 × 13 × 7 k-point mesh were used in the BZ integration. The unit cell was optimized 
until the force and total energy were less than 0.005 eV/Å and 0.0000001 eV, 
respectively. The phonon energy calculation for NaAlGe was performed in 
NanoAcademic Device Calculator (Nanodcal) code [42]. As shown in Figure 4.6 (in 
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section of Supplementary data), the phonon spectrum was utilized to test the stability of 
the tetragonal NaAlGe compound. The absence of imaginary frequencies guarantees the 
stability of the tetragonal state of NaAlGe. Therefore, one can conclude that the 
tetragonal NaAlGe is structurally stable. Also, the elastic constant and mechanical 
properties (see Tables 4.1 and 4.2 in Supplementary data) of NaAlGe compound have 
been studied, and the results are given in the supplementary data. The mechanical 
stability of this system was also evaluated based on the obtained elastic constant. The 
surface states of NaAlGe were investigated in this study via the WannierTools software 
package [43] according to the method of maximally localized Wannier functions [44,45]. 
 
4.3 Results and discussion 
 
4.3.1 Electronic structures and topological signatures 
Figure 4.1(a) exhibits the band structures of anti-PbFCl-type NaAlGe that were 
calculated with the help of PBE along the high symmetry points X-M-Γ-X-A-Z-R-A in 
the bulk BZ (see Figure 4.7 in Supplementary data). In this figure, the effect of spin-
orbit coupling (SOC) is ignored due to the fact that Na, Al, and Ge are not heavy 
elements. The influence of the SOC on the band structures will be discussed later in this 
chapter. From Figure 4.1(a), one can see that the NaAlGe system exhibits metallic 
properties due to the bands and the EF overlapped with each other [46]. Furthermore, one 
can see that there are some BCPs near the EF (range from -0.4 eV to 0 eV). The BCPs 
are mainly concentrated in two regions, marked as A and B. In order to make the results 
more accurate, the calculation of the band structures of NaAlGe was repeated using the 
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state-of-the-art Heyd-Scuseria-Ernzerhof (HSE06) [47,48] functional, and the results are 
shown in Figure 4.8(a) (see Supplementary data). By comparing the results of PBE and 
HSE06, one found that the band structures near the EF are basically the same. That is to 
say, the inverse band topology [49] can be clearly found near the EF and the BCPs 
occurred in regions A and B. 
 
 
Figure 4.1 (a) Band structure of anti-PbFCl-type NaAlGe calculated with the help of 
PBE along the high symmetry points X-M-Γ-X-A-Z-R-A in the bulk BZ; (b)-(f) Orbital-






Figure 4.2 (a) and (b) Band structure of anti-PbFCl-type NaAlGe, calculated with the 
help of PBE along the M-Γ-X and A-Z-R directions, respectively, in the bulk BZ; (c) 
Possible NL state transitions in NaAlGe under biaxial strain (-5% - 0%) in the ab-plane. 
 
Next, the author will discuss the two regions A and B, respectively. For region A, four 
BCPs along the M-Γ-X direction can be observed, and these four CPs arise from the 
crossings of three bands, i.e., bands 1, 2, and 3 (see Figure 4.2(a)). In detail, there are 
two BCP A1 along the M-Γ-X path, one is the M-Γ and the other one is along the Γ-X 
path. Both A1 BCPs are arising from the intersection of band 1 (orange line) and band 
2 (blue line). Similar to BCPs A1, two BCPs A2, which coming from the crossings of 




Figure 4.3 (a) and (b) Schematic diagram of the A1 and A2 NLs in the 𝑘𝑘𝑧𝑧 = 0 plane; (c) 
and (d) Schematic diagram of the B1 and B2 NLs in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 plane. The NLs are 
highlighted as white lines. 
 
Based on the calculated orbital-resolved band structures [50] in Figure 4.1(b)–(f), one 
can see that the band 1 in region A is coming from the Ge-𝑝𝑝(𝑥𝑥) orbitals, while band 2 
is formed from Al-𝑠𝑠 orbitals, and band 3 is mainly arising from the Ge−𝑝𝑝(𝑦𝑦) orbitals. 
Therefore, the two A1 CPs are formed by the hybridization between the Al-s and the 
Ge-𝑝𝑝(𝑥𝑥) orbitals; the two A2 CPs are formed by the hybridization between the Al-𝑠𝑠 
and the Ge-𝑝𝑝(𝑦𝑦) orbitals. As shown in Figure 4.2(a), one can see that all of these four 
CPs in region A have double degeneracy. Furthermore, for the NaAlGe system, the spin 
effect was not included because the nonmagnetic state is the most stable ground state for 
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this system. Also, NaAlGe compound was protected from time reversal (𝒯𝒯) symmetry 
and spatial inversion (𝒫𝒫) symmetries. Therefore, one can conclude that such BCPs 
cannot be seen as isolated nodal points [51,53] when the role of the SOC is not taken 
into account. As shown in Figure 4.3(a) and (b), one can see that these four CPs belong 
to two NLs (A1 and A2) that are centered around the Γ point in the 𝑘𝑘𝑧𝑧 = 0 plane. From 
Figures 4.2(a), 4.3(a), and 4.3(b), one can see that NL A1 has higher energy and larger 
size than NL A2. 
 
Figure 4.4 (a) Projected spectrum of the (0 0 1) surface of anti-PbFCl-type NaAlGe 
compound. Some constant energy slices at (b) E = 0 eV (EF); (c) -0.1 eV; (d) -0.15 eV; 
(e) -0.2 eV; and (f) -0.3 eV, respectively. The arrows highlight the DHL surface states, 
and the green balls indicate the location of the four BCPs. 
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For region B, there are also four CPs along the A-Z-R direction. Since the energy bands 
of regions, A and B, are roughly the same, therefore, there are also two NLs (named as 
B1 and B2) [53] centered around the Z point in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 plane. Two BCPs belong to 
NL B1, and two BCPs are parts of NL B2. Similar to region A, the schematic diagrams 
of these two NLs (B1 and B2) in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 plane are also given in Figures 4.3(c) and 
4.3(d), respectively. 
Based on above-mentioned information, nodal points can be divided into two types, 
namely, type-I and type-II [32,33], according to the slope of the energy band dispersion 
at these BCPs. As shown in Figure 4.2(a), both nodal points of A1 along the M-Γ and 
Γ-X directions in region A are type I, and therefore, one can see that the A1 NL 
corresponds to type-I. The same situation can be seen in the A2 and B2 NLs. The nodal 
point of B1 along the A-Z direction in region B is type I, whereas the nodal point of B1 
along the Z-R direction in this region is type II (see the inset figure in Figure 4.2(b)), 
reflecting the fact that the NL B1 contains both type I and type II nodal points at the 
same time and is thus a hybrid type NL [34]. 
 
4.3.2 Surface states 
One of the most obvious features of the NLS is the presence of a ‘drum-head-like (DHL)’ 
surface state inside/outside the projected bulk NLs, which can be determined via the 
Berry phase [52–54]. To confirm the existence of this particular DHL surface state, the 
projected spectrum and different constant energy slices of the NaAlGe (0 0 1) surface 
along A(s)-Z(s)-R(s)-A(s) in the surface BZ are calculated (see Figure 4.7 in 
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Supplementary data), and the results are exhibited in Figure 4.4. In Figure 4.4(a), four 
green balls are used to indicate the location of the four BCPs and purple arrows are used 
to highlight the DHL surface states. From the figure, one can clearly see that some DHL 
surface states arise from the bulk NLs. Different constant energy slices at E = 0 eV 
(Figure 4.4(b)), E = -0.1 eV (Figure 4.4(c)), E = -0.15 eV (Figure 4.4(d)), E = -0.20 eV 
(Figure 4.4(e)), and E = -0.30 eV (Figure 4.4(f)) were calculated with the help of 
WannierTools software [43]. The NaAlGe system exhibits four NLs (A1, A2, B1, and 
B2) in total, and therefore, up to four DHL surface states can be found in the above-
mentioned slices, with all these DHL surface states concentrated at the Z(s) high 
symmetry point. More importantly, as exhibited in Figure 4.4, the DHL surface states of 
NaAlGe are very clear, which makes the special surface characteristics of this material 
very suitable for experimental observation [22,53]. 
 
4.3.3 Effect of SOC 
NaAlGe does not contain heavy elements, so its SOC effect is not significant. However, 
the influence of the SOC on the energy structures near the EF is considered. Figures. 
4.8(b) and (c) (Supplementary data) show the electronic structures of NaAlGe along the 
M-Γ-X and A-Z-R directions, respectively. From it, one can see that all CPs were opened 
to a certain degree of energy gap under the influence of the SOC. In region A, the SOC-
induced band gaps are 3.4 meV at the maximum and 0.5 meV at the minimum; and in 
region B, the SOC-induced band gaps are between 0.2 meV and 2.1 meV. As shown in 
Figure 4.8 (Supplementary data), the NaAlGe can be well described as a NLS due to its 
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gap sizes throughout the nodal line are less than 5 meV, which is much lower than typical 
NLSs such as ZrSiS (>20 meV) [55,56], TiB2 (>25 meV) [57], Mg3Bi2 (>36 meV) [58], 
Cu3PdN (>60 meV) [59], CaAgBi (>80 meV) [60] (see Figure 4.9 in Supplementary 
data). 
 
4.3.4 Influence of biaxial strain on the electronic structures 
Furthermore, the influence of biaxial strain [61] on the electronic structures of NaAlGe 
compound was studied. As shown in Figure 4.2, according to the energy band, NaAlGe 
is a NLS with hybrid type and type I NLs. A series of phase transition can be found, 
however, under the effect of the biaxial strain in the ab-plane, and the results are given 
in Figure 4.2(c). In detail, when a 2% compressive biaxial strain is applied to the system, 
the slope of the crossing bands along the Γ-X direction (A1) was changed (See Figure 
4.10(c) in Supplementary data). In this case, the A1 nodal line changed from type I 
(ground state) to hybrid type (-2%). As shown in Figure 4.10(e)–(h) (Supplementary 
data), the energy band ordering at 3% and 4% compression biaxial strain is the same as 
that at 2% compression biaxial strain, so the author will not analyze it in detail here. 
When the applied biaxial stress increases to -5%, the topological inversion characteristic 
of the bands along the A-Z-R direction disappear, which means that the two NLs in 
region B disappear. For the two NLs in region A, the hybrid nodal line A1 still exists 
(see Figure 4.10(i) in Supplementary data), but the type I nodal line A2 is completely 
destroyed (see Figure 4.10(j) in Supplementary data). The reason can be shown as 
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follows: band 2 moves toward the high energy level under the -5% biaxial strain, and 
the CPs between band 2 and band 3 disappear. 
 
4.4 Conclusions 
In summary, synthesized NaAlGe with anti-PbFCl type structure is theoretically 
proposed to be a NLS. It naturally exhibits four NLs, with two type I NLs at 𝑘𝑘𝑧𝑧 = 0; the 
other two NLs, one hybrid type NL (B1) and one type I NL (B2), are located in the 𝑘𝑘𝑧𝑧 =
𝜋𝜋 plane. All of the NLs in NaAlGe exist near the EF and do not coexist with other bands. 
More importantly, the DHL surface states from the bulk NLs were clearly identified, 
which makes them well suited for experimental testing. Via biaxial strain, the size of the 
NLs can be actively adjusted, and different types of NLs can be observed in this system, 
making NaAlGe’s NL features more interesting. The SOC has little effect on the energy 
band near the EF in this material, which means that the NLs in NaAlGe material, which 
is composed of light elements, are highly resistant to SOC effects. NaAlGe was 
experimentally synthesized 40 years ago, but this material has not received widespread 
attention. Based on this work, this old compound was rejuvenated as a NLS. It is hoped 
that such novel topological elements can be soon examined by experimental work. 
 





















Figure 4.8 Band structure of anti-PbFCl-type NaAlGe, calculated with the help of 
HSE06 along the high symmetry points X-M-Γ-X-A-Z-R-A in the bulk BZ; (b) and (c) 
Band structures of anti-PbFCl-type NaAlGe calculated with the help of PBE plus SOC 









Figure 4.10 Band structure of anti-PbFCl-type NaAlGe, calculated with the help of PBE 
under biaxial strain ((a, b) -1%; (c, d) -2%; (e, f) -3%; (g, h) -4%, and (i, j) -5% in the 
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ab-plane along the high symmetry points M-Γ-X ((a), (c), (e), (g), and (i)), and A-Z-R 
((b), (d), (f), (g), and (j)), respectively, in the bulk BZ. 
 
For anti-PbFCl-type NaAlGe, there are six independent elastic constants, namely, C11, 
C12, C13, C33, C44, and C66. All these elastic constants were calculated by the stress-
strain method. The obtained values for all constants are reported in Table 4.1. 
 













NaAlGe 65.76 42.02 16.43 58.03 16.91 20.40 
 
The mechanical stability of this system can be evaluated by the following necessary 
and sufficient conditions: 
𝐶𝐶𝑟𝑟𝑖𝑖𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑃𝑃 (𝑖𝑖) 𝐶𝐶11 > |𝐶𝐶12|; 
𝐶𝐶𝑟𝑟𝑖𝑖𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑃𝑃 (𝑖𝑖𝑖𝑖) 2 × 𝐶𝐶132 < 𝐶𝐶33(𝐶𝐶11 + 𝐶𝐶12); 
𝐶𝐶𝑟𝑟𝑖𝑖𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑃𝑃 (𝑖𝑖𝑖𝑖𝑖𝑖) 𝐶𝐶44 > 0. 
From the various calculated elastic constants, it is confirmed that NaAlGe compound 
fulfills all the conditions and thus is mechanically stable, as its experimental synthesis 
has already been confirmed and reported. The average mechanical properties for 
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NaAlGe are also given in Table 4.2 (Supplementary data). It is hoped that the theoretical 
data can provide a reference for subsequent experimental work. 
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5 Intersecting nodal rings in orthorhombic-type BaLi2Sn compound 
 
5.1 Introduction 
After TIs [1-5], TSMs [6-15] have become an emerging research hotspot in the field of 
quantum chemistry/condensed matter physics, and have received extensive attention 
from researchers around the world. TSMs can be roughly classified into the following 
three categories: (i) topological nodal point type semimetals (TNPSs) [16-21], such as 
Dirac-point type semimetals (DPSs) and Weyl-point type semimetals (WPSs); (ii) nodal 
line type semimetals (NLSs) [22-30]; and (iii) topological nodal surface type semimetals 
(TNSSs) [30-33]. TNPSs, including DPSs and WPSs, have zero dimensional (0D) 
topological elements (TEs), which are generated by the intersection (BCPs) of four/two 
conduction bands (CBs) and valence bands (VBs) in the momentum space. It should be 
noted that the 0D TEs of some novel materials, such as, Cd3As2 [34], Na3Bi [35], and 
the TaAs [36] family, predicted by theory, have been experimentally confirmed by 
means of high-resolution angle-resolved photoelectron spectroscopy (ARPES). 
NLSs possess BCPs along a line, and therefore, these materials exhibit 1D TEs [37]. So 
far, a series of novel physical properties of NLSs, including the drum-head-like (DHL) 
surface state [37], anisotropic non-saturating magnetoresistance [38], and potential high 
temperature superconductivity [39], have been reported. Compared to TNPSs, NLSs 
exhibit more types and more complex topological states. It is well known that the BCPs 
in TNPSs are normally limited to two types (type I and type II) according to the 
dispersion around them. In NLSs, however, if there is only one nodal line, it can form 
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many different geometries, such as a knot [40] or a ring; if there are two or more nodal 
lines/rings in the momentum space, NLSs will present a series of complex topological 
structures. Some types of NLSs are shown in Figure 5.6 in the Supplementary data. 
Figure 5.6(a) and (b) (Supplementary data) show an isolated nodal ring and nodal link 
[41], respectively; Figure 5.6(c) and (d) (Supplementary data) show intersecting nodal 
rings (INRs) [42] composed of two nodal rings and three nodal rings, respectively, 
sharing the same center point. 
Up to now, the NLSs with INR states have been found in antiperovskite Cu3PdN [42], 
CsCl-type CaTe [43], and so on, without considering the effect of SOC(SOC) by means 
of first-principles or tight-binding (TB) calculations. Unfortunately, there is no 
experimental work on intersecting nodal rings semimetals (INRSs). This is largely due 
to the possible drawbacks of the electronic band structures of predicted materials, such 
as: (i) the predicted INRs are far from the EF; and (ii) in addition to the BCPs, there are 
also some other bands nearby, which will affect the detection of the materials’ 
topological properties. Therefore, it is highly desirable to search for new INRSs with the 
following strict conditions: (i) the INRs must be close to EF; (ii) except for the INRs, 
there are no other bands around EF; and (iii) the material has been synthesized and is 
easily prepared experimentally. 
In this chapter, the author will focus on an experimentally synthesized material, 
orthorhombic type BaLi2Sn with 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 space group (no. 59) [44], and investigate its 
interesting TEs based on first principles and TB calculations with/without the SOC 
effect. When the SOC is not considered, the BaLi2Sn bulk material exhibits a 1D TE, 
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namely, perfect INRs. More importantly, there are no other excess bands in addition to 
the INRs near the EF. When the SOC effect is added, although the SOC-induced gaps 
opened in the BCPs, a Dirac-cross like surface state was observed for this system. Due 
to its simple and clean band structures near the EF, the DHL and surface Dirac cone 
states can be clearly observed. 
 
5.2 Materials and methods 
Orthorhombic type BaLi2Sn material can be easily obtained as a single crystal according 
to Stoiber’s work in 2017 [44]. The lattice parameters obtained experimentally by 
Stoiber et al. were a = 4.71 Å, b = 6.76 Å, and c = 6.30 Å, respectively [44]. In this 
chapter, by means of first-principles, the lattice parameters of orthorhombic type 
BaLi2Sn were optimized and the calculated results are a = 4.66 Å, b = 6.69 Å, and c = 
6.37 Å, respectively. The results in this current work are thus in a good agreement with 
the experimental values mentioned above [44]. Different views of crystal structures of 
this material can be found in Figure 5.1(a) and (b). 
In this chapter, the electronic structures of BaLi2Sn were calculated using density 
functional theory, within the VASP code [45]. The projector augmented wave (PAW) 
[46] method was used to deal with the interaction between the ion cores and valence 
electrons. The Perdew–Burke–Ernzerhof (PBE) parameterization of the generalized 
gradient approximation (GGA) [47] was selected to describe the exchange and 
correlation functionals. For the BaLi2Sn system, a plane-wave basis set cut-off of 500 
eV and a Monkhorst–Pack special 6 × 5 × 4 k-point mesh were used in the BZ integration. 
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The unit cell was optimized until the force and total energy were less than 0.005 eV Å-1 
and 0.0000001 eV, respectively. The surface states of BaLi2Sn were investigated in this 
chapter via the WannierTools software [48], according to the method of maximally 
localized Wannier functions [49]. 
 
 
Figure 5.1 (a) and (b) Different views of the crystal structure of BaLi2Sn; (c) selected 
high symmetry points, i.e., Γ–X–S–Y–Γ–Z–U–R–T–Z, in the BZ for BaLi2Sn; (d) 




Figure 5.2 Calculated orbital-resolved band structures of BaLi2Sn obtained using the 
PBE method. 
 
Figure 5.3 (a) Schematic diagrams of the INR states in BaLi2Sn; (b–d) shapes of possible 
TNR in the 𝑘𝑘𝑦𝑦 = 0 , 𝑘𝑘𝑥𝑥 = 0 , and 𝑘𝑘𝑧𝑧 = 0  planes; the topological nodal rings are 




5.3 Results and discussion 
 
5.3.1 Electronic structures and topological signatures 
Figure 5.1(c) exhibits the selected high symmetry points, i.e., Γ–X–T–Z–Γ–Y–S–R–U–
Y, in the 3D BZ for BaLi2Sn. According to these high symmetry points, the band 
structures of BaLi2Sn without the SOC effect were calculated with the help of PBE 
method, and the results are collected in Figure 5.1(d). From Figure 5.1(d), one can see 
that this system features semimetallic behavior and three obvious BCPs near the EF. In 
detail, there is one BCP (named as A) along the Γ–X direction, one BCP (named as B) 
along the Γ–Y direction, and one BCP (named as C) along the Z–Γ direction, 
respectively. To further prove A, B, and C points are BCPs, with the help of Quantum 
ESPRESSO, the symmetry of the conduction and the valence bands is analyzed. The 
two bands, conduction and valence bands, belong to irreducible representations 𝐵𝐵2𝑢𝑢 and 
𝐵𝐵3𝑢𝑢 of the 𝐷𝐷2ℎ symmetry for the Γ–Y path (see Figure 5.7 in Supplementary data). 
It should be noted that there are no other bands near these three BCPs. To make the 
results more accurate, the band structures of BaLi2Sn along the Γ–X–T–Z–Γ–Y 
directions were repeated by means of the state-of-the-art Heyd–Scuseria–Ernzerhof 
(HSE06) [50] functional, and the results are given in Figure 5.8 (Supplementary data). 
By comparing the results of PBE and HSE06, one can see that the band structures near 
the EF are basically the same, i.e., these three BCPs are still maintained. 
The orbital-resolved band structures of BaLi2Sn were calculated, and the results are 
given in Figure 5.2. From this figure, one can see that band 1 mainly arises from the 
hybridization between Li-𝑠𝑠, 𝑝𝑝 and Ba-𝑠𝑠, 𝑝𝑝 orbitals. Band 2 is mainly formed from Sn-
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𝑝𝑝(𝑥𝑥) and Li-𝑠𝑠, 𝑝𝑝 orbitals. Hence, these three BCPs are coming from the hybridization 
between the Li/Ba-𝑠𝑠, 𝑝𝑝 and the Sn-𝑝𝑝(𝑥𝑥) orbitals. 
𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃  (# 59) type BaLi2Sn features the following symmetries: time reversal (𝒯𝒯 ) 
symmetry, spatial inversion (𝒫𝒫) symmetries, the mirror reflections 𝑃𝑃𝑥𝑥 and 𝑃𝑃𝑧𝑧, and the 
glide-mirror symmetry gy(𝑥𝑥,𝑦𝑦, 𝑧𝑧) (𝑥𝑥 + 1/2,−𝑦𝑦 + 1/2, 𝑧𝑧). According to the ref. 14 and 
43, for 𝒯𝒯 and P symmetries protected BaLi2Sn, one can conclude that these three BCPs 
cannot be seen as isolated nodal points when the role of the SOC is ignored. These three 
BCPs should belong to the 𝑘𝑘𝑥𝑥 = 0, 𝑘𝑘𝑦𝑦 = 0, or 𝑘𝑘𝑧𝑧 = 0 planes. The possible TE for 
these three BCPs is exhibited in Figure 5.3(b)–(d). From it, one can see the topological 
nodal ring (TNR) states that occur in the 𝑘𝑘𝑥𝑥 = 0 and 𝑘𝑘𝑦𝑦 = 0 planes, although only 
some isolated BCPs (along Γ–X and Γ–Y paths), instead of a TNR, appear in the 𝑘𝑘𝑧𝑧 =
0 plane. As shown in Figure 5.3(a), one can see that these two TNRs are perpendicular 
to each other and share the same central point Γ. To further confirm the INR state for 
BaLi2Sn material, a careful scan of the electronic structures of BaLi2Sn was performed 
in the 𝑘𝑘𝑥𝑥 = 0, 𝑘𝑘𝑦𝑦 = 0, and 𝑘𝑘𝑧𝑧 = 0 planes, respectively. The band structures along Γ–
M (M = A, B, C, D, E, F, G, H, I, and Y), Γ–N (N = A, B, C, D, E, F, G, H, I, and Z), 
and Γ–Q (Q = A, B, C, D, E, F, G, H, I, and X) directions were calculated for the 𝑘𝑘𝑥𝑥 =
0, 𝑘𝑘𝑦𝑦 = 0, and 𝑘𝑘𝑧𝑧 = 0 planes, respectively. The results are given in Figures 5.9–5.11 
(Supplementary data). For the 𝑘𝑘𝑥𝑥 = 0  and 𝑘𝑘𝑦𝑦 = 0  planes, the BCPs are still 
maintained along all the Γ–M and Γ–N directions, indicating that the TNR states exist 
in both planes. For the 𝑘𝑘𝑧𝑧 = 0 plane, the BCPs were replaced by gaps along some Γ–Q 
(Q = A, B, C, D, E, F, G, H, and I) directions (see Figure 5.11 in Supplementary data), 
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reflecting the disappearance of the TNR state in the 𝑘𝑘𝑧𝑧 = 0  plane. The schematic 
diagrams of the different planes are shown in Figure 5.12 (Supplementary data). In this 
work, the TNR in the 𝑘𝑘𝑦𝑦 = 0 plane is protected by the 𝒯𝒯 , 𝒫𝒫 , and gy symmetries, 
however, for the TNR in the 𝑘𝑘𝑥𝑥 = 0  plane, it is protected by the 𝒯𝒯 , 𝒫𝒫 , and 𝑃𝑃𝑥𝑥 
symmetries. By analyzing the symmetry of the material, one can see that the valence and 
conduction bands are belonging to the irreducible representations 𝐷𝐷2ℎ(𝐵𝐵3𝑢𝑢) symmetry 
and 𝐷𝐷2ℎ(𝐵𝐵2𝑢𝑢) symmetry, respectively. Therefore, based on this information, for the two 
energy bands near the EF, one can give a general form of 2 × 2 effective Hamiltonian 
[11]: 
ℋ = �
𝑀𝑀1 + 𝐴𝐴1𝑘𝑘𝑥𝑥2 + 𝐵𝐵1𝑘𝑘𝑦𝑦2 + 𝐶𝐶1𝑘𝑘𝑧𝑧2 𝐷𝐷𝑘𝑘𝑥𝑥𝑘𝑘𝑦𝑦
𝐷𝐷𝑘𝑘𝑥𝑥𝑘𝑘𝑦𝑦 𝑀𝑀2 + 𝐴𝐴2𝑘𝑘𝑥𝑥2 + 𝐵𝐵2𝑘𝑘𝑦𝑦2 + 𝐶𝐶2𝑘𝑘𝑧𝑧2
� 
Here, the expansion is up to k-quadratic terms, and 𝑀𝑀𝑖𝑖 ,𝐴𝐴𝑖𝑖 ,𝐵𝐵𝑖𝑖 and 𝐶𝐶𝑖𝑖 with i = 1, 2, and 
𝐷𝐷 are material-specific coefficients. The Hamiltonian reflects that, the BCP in 𝑘𝑘𝑥𝑥 = 0 
(and 𝑘𝑘𝑦𝑦 = 0) plane will create a TNR, which in a good agreement with the obtained 
first-principles results. 
 
5.3.2 Surface states 
It should be noted that one of the most obvious features of the TNR states is the presence 
of a DHL surface state inside or outside the projected bulk TNRs, which can be 
determined via the Berry phase [51]. To confirm the existence of this particular DHL 
surface state, the author calculated the projected spectra of the BaLi2Sn (100) and (010) 
surfaces along R(s)–G(s)–Y(s), and R(ss)–G(ss)–X(ss), respectively, in the surface BZ 
(see Figure 5.4(a) and (c)), and the results are given in Figure 5.4(b) and (d). In Figure 
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5.4(b) and (d), the DHL surface states are highlighted by arrows, and one can see that 
some DHL surface states arise from the bulk BCPs. For the projected spectra of the 
BaLi2Sn (100) surface, two obvious DHL surface states locate outside the TNR as shown 
in Figure 5.4(b). Thanks to the clean INR states near the EF, the DHL surface states can 
be clearly observed, which makes the special surface characteristics of BaLi2Sn very 
suitable for experimental observation. However, for the projected spectra of the BaLi2Sn 
(010) surface, it is hidden by the other bulk states (see Figure 5.4(d), the profile of the 
DHL surface could be faintly visible inside the projected TNR). 
 
 
Figure 5.4 (a and c) Surface BZs for the (100) (orange plane) and (010) surfaces (blue 
plane), respectively; (b and d) the projected spectra of the BaLi2Sn (100) and (010) 
surface states, respectively, with the DHL states marked by the arrows. The BCPs was 




5.3.3 Effect of SOC 
Finally, the effect of the SOC on the band structures and possible TE is studied for 
BaLi2Sn material. The calculated band structures of the BaLi2Sn with the help of the 
first-principles and tight-binding model within the VASP code and Wannier code are 
given in Figure 5.5(a) and Figure 5.13 (Supplementary data), respectively. From both 
figures, one can see that the BCPs along the Γ–X and Z–Γ directions are replaced by 
gaps with certain values (namely, 0.03 eV for the BCP along the Γ–X line, and 0.10 eV 
for the BCP along the Z–Γ line, respectively). The BCP along the Γ–Y direction is also 
replaced by a gap, however, the gap is indeed very small (only 1.3 meV), when the SOC 
is included (as shown in Figure 5.5(a) and (b)). To further confirm the special topological 
surface feature in BaLi2Sn when the SOC is added, the projected spectrum of the 
BaLi2Sn (100) surface along Y’(s) –Γ(s)–Y(s) is given in Figure 5.5(c) and (d). 
Obviously, one can see that a Dirac like surface cone appeared for BaLi2Sn, reflecting 






Figure 5.5 (a) Band structure of BaLi2Sn calculated with PBE and considering the SOC; 
(b) band structures of BaLi2Sn along the Y’(s)–Γ–Y direction; (c) surface BZ for the 
(100) and the positions of BCPs B and B’; and (d) calculated projected spectrum of the 
(100) surface states along Y(s)–Γ(s)–Y’(s) considering the effect of the SOC. 
 
5.3.4 Structural stability 
The structural stability of BaLi2Sn material is examined based on the obtained phonon 
spectrum and elastic constants. The calculated phonon spectrum along the Γ–Z–T–Y–
S–X–U–R directions was exhibited in Figure 5.14 (Supplementary data), there is no 
imaginary frequency in its phonon spectrum, reflecting that it is thermal stable. Also, 
the obtained nine elastic constants, including, 𝐶𝐶11, 𝐶𝐶12, 𝐶𝐶13, 𝐶𝐶22, 𝐶𝐶23, 𝐶𝐶33, 𝐶𝐶44, 𝐶𝐶55, 
and 𝐶𝐶66, are also given in Table 5.1. The mechanical stability of this system can be 
evaluated by the following necessary and sufficient conditions: 
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𝐶𝐶𝑟𝑟𝑖𝑖𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑃𝑃 (𝑖𝑖) 𝐶𝐶11 > 0; 
𝐶𝐶𝑟𝑟𝑖𝑖𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑃𝑃 (𝑖𝑖𝑖𝑖) 𝐶𝐶11 × 𝐶𝐶22 > 𝐶𝐶122 ; 
𝐶𝐶𝑟𝑟𝑖𝑖𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑃𝑃 (𝑖𝑖𝑖𝑖𝑖𝑖) 𝐶𝐶11 × 𝐶𝐶22 × 𝐶𝐶33 + 2𝐶𝐶12 × 𝐶𝐶13 × 𝐶𝐶23 − 𝐶𝐶11 × 𝐶𝐶232 − 𝐶𝐶22 × 𝐶𝐶132
− 𝐶𝐶33 × 𝐶𝐶122 > 0; 
𝐶𝐶𝑟𝑟𝑖𝑖𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑃𝑃 (𝑖𝑖𝑣𝑣) 𝐶𝐶44 > 0; 
𝐶𝐶𝑟𝑟𝑖𝑖𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑃𝑃 (𝑣𝑣) 𝐶𝐶55 > 0; 
𝐶𝐶𝑟𝑟𝑖𝑖𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑃𝑃 (𝑣𝑣𝑖𝑖) 𝐶𝐶66 > 0. 
From the various calculated elastic constants in Table 5.1, it is confirmed that BaLi2Sn 
compound fulfills all the conditions and thus is mechanically stable, as its experimental 
synthesis has already been confirmed and reported. 
 
Table 5.1 Calculated elastic constants [GPa] for BaLi2Sn compound 
Compound 𝐶𝐶11 𝐶𝐶12 𝐶𝐶13 𝐶𝐶22 𝐶𝐶23 𝐶𝐶33 𝐶𝐶44 𝐶𝐶55 𝐶𝐶66 
BaLi2Sn 57.52 12.15 6.78 45.84 22.78 29.50 21.56 16.72 12.11 
 
5.4 Conclusions 
In summary, the recently synthesized compound BaLi2Sn with the Pmmn type structure 
is reported as a ‘clean’ topological semimetal with 1D TE. When the SOC is ignored, 
this material exhibits excellent INR states in the 𝑘𝑘𝑥𝑥 = 0  and 𝑘𝑘𝑦𝑦 = 0  planes. 
Importantly, the INR states are near the EF, and it is not close to other bands. Such perfect 
1D TE was confirmed by the DHL states in the (010) and (100) surfaces. More 
importantly, the DHL surface states from the bulk TNR states are clearly identified, 
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which makes them well suitable for experimental examination. When the SOC effect is 
considered, although the SOC-induced gaps opened in the BCPs, a Dirac cross-like 
surface state appeared for this system. Considering that BaLi2Sn was experimentally 
synthesized in 2017, it is hoped that the predicted topological features can be soon 
examined by experimental work. 
 
5.5 Supplementary data 
 
 
Figure 5.6 Schematic diagrams of (a) isolated nodal ring; (b) nodal link; (c)-(d) INRs 




Figure 5.7 Enlarged view of the band structure along the Γ-Z path. 
 
 




Figure 5.9 The calculated band structures along Γ-M (M = A, B, C, D, E, F, G, H, I, and 
Y) in the 𝑘𝑘𝑥𝑥 = 0 plane. 
 
 
Figure 5.10 The calculated band structures along Γ-N (N = X, A, B, C, D, E, F, G, H, I, 




Figure 5.11 The calculated band structures along Γ-Q (Q = A, B, C, D, E, F, G, H, I, and 
X) in the 𝑘𝑘𝑧𝑧 = 0 plane. 
 
 
Figure 5.12 (a)-(c). schematic diagrams of possible 1D TE in 𝑘𝑘𝑥𝑥 = 0, 𝑘𝑘𝑦𝑦 = 0, and 





Figure 5.13 The calculated band structures of the BaLi2Sn, calculated with the help of 
the first-principles tight-binding model within Wannier90 code. 
 
 
Figure 5.14 Calculated phonon spectrum (b) along the selected Γ-Z-T-Y-S-X-U-R (a) 
directions. The phonon dispersion was checked with the CASTEP modulus in 
MATERIALS STUDIO based on the finite displacement method. A plane-wave cutoff 
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6 Unique nodal line states and associated exceptional thermoelectric power factor 
platform in Nb3GeTe6 monolayer and bulk 
 
6.1 Introduction 
Based on their electronic structures, materials may feature non-trivial band topologies 
[1]. The exploration of this non-trivial band topology has led to a new field, i.e., 
topological materials, and this field has attracted widespread attention from researchers 
in physics, chemistry, and materials science. Initially, the investigations in this area were 
mainly focused on insulating materials [2-10], but recent research has expanded from 
insulators to metallic and semimetallic materials [11-47]. Three-dimensional (3D) 
topological semimetallic materials (TSMs) can be roughly classified into three types: (i) 
topological nodal point semimetals (TNPSs) [3,18,20,23,26,32,34], such as Dirac-point 
semimetals (DPSs) [13,20,32,34] and Weyl-point semimetals (WPSs) [18,23]; (ii) NLSs 
[16,17,24,36]; and (iii) topological nodal surface semimetals (TNSSs) [41,45–47]. In 
these TSMs, the topology is strongly associated with low-energy non-trivial BCPs. For 
example, in WSs [23], the conduction band (CB) and the valence band (VB) intersect at 
isolated nodal points. Around these zero-dimensional (0D) isolated nodal points, the 
dispersions of the bands are linear in all directions, and the low-energy electrons behave 
similarly to Weyl fermions in high-energy physics. A series of materials have been 
proposed as candidates for TNPSs via first principles calculations, and among them, 
some well-known materials, including Cd3As2 [20,42], Na3Bi [34, 43], and the TaAs [44] 
family, were experimentally confirmed. 
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The NLSs possess BCPs along a line [11,24,32,36,40] with a one-dimensional (1D) 
topological element. To date, many interesting forms of behavior have been observed 
among the NLSs, including a topological surface state [48,49], anisotropic non-
saturating magnetoresistance [50], and possible high temperature superconductivity [51]. 
Many materials with different 1D topological elements [52–55] have been predicted 
based on first principles and some of them, such as PbTaSe2 [56] and metallic-mesh 
photonic crystal [53] with 1D topological elements were experimentally observed. 
Unfortunately, the 3D NLSs confirmed by experiments are small in number. For two-
dimensional (2D) NLSs, this situation is even less optimistic, because there are stricter 
constraints imposed by the structural stability in 2D. Therefore, the search for NLS 
candidates in 2D materials, especially those suitable for experimental detection, is a 
research topic of cardinal significance. In this work, with the help of first-principles 
calculations, on the one hand, the author will predict that 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃  Nb3GeTe6 bulk 
material is a NLS with a fourfold line in the S–R direction and a closed nodal line in the 
𝑘𝑘𝑥𝑥 = 0 plane without SOC. On the other hand, the author has studied the topology of the 
bands of the 2D monolayer Nb3GeTe6 and report that this monolayer hosts nearly flat 
nodal lines in the absence of the SOC. The structural stability of this 2D monolayer was 
further investigated by phonon dispersion and molecular dynamics (MD) simulations. 
The relationship between the almost flat nodal lines and their influence on the 
thermolectric properties for the 2D Nb3GeTe6 monolayer are discussed in detail. Note 
that although similar band structure has been predicted and analyzed by Li et al. in 
Ta3SiTe6 and Nb3SiTe6. In this chapter, the author reported that the convergence of 
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conduction and valence bands, i.e., almost flat nodal line state, near the EF can be seen 
as a means of obtaining fantastic maximum value platform of thermoelectric power 
factor. It has never been observed in other 2D normal semiconductors and 2D 
topological materials. Moreover, the reason of the interesting thermoelectric property 
has been given based on the multiple sub-bands thermoelectric model. 
 
6.2 Results and discussion 
The polycrystalline sample of Nb3GeTe6 represents an existing material [57]. The 
previous experimental results showed that this bulk material is a new member of the 
layered telluride phase, and it crystallizes in the orthorhombic type structure with the 
space group 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃  (no. 62). In this chapter, the electronic structures of bulk and 
monolayer Nb3GeTe6 were calculated via density functional theory (DFT), and more 
details about the Computational methods and Structural models of bulk and monolayer 





6.2.1 Nb3GeTe6 bulk 
 
 
Figure 6.1 (a) Band structures of bulk Nb3GeTe6 via the Perdew–Burke–Ernzerhof (PBE) 
method; (b) the 3D BZ of the bulk, where the red lines represent the fourfold NL states 
and the blue ring shows the closed NL in the 𝑘𝑘𝑥𝑥 = 0 plane; (c) calculated total and 
projected density of states of bulk Nb3GeTe6; (d) illustration of the 1D NL state in the 
𝑘𝑘𝑥𝑥 = 0 plane and selected k-paths through the nodal line, where the A and C points are 
the midpoints of Y–B and B–Z, respectively; (e) calculated band structures along the Γ–
Z, Γ–A, Γ–B, Γ–C, and Γ–Y directions, respectively; (f) band structures of some general 
k-paths X–S–X’, U–R–U’ and D–E–D’ paths, where the D, E, and D’ points are the 
midpoints of X–U, S–R, and X’–U’, respectively. 
 
First, let’s come to study the mechanical stability of the synthesized 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃  bulk 
Nb3GeTe6 (see the crystal model in Figure 6.5 in Supplementary data) according to the 
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obtained elastic constants as collected in Table 6.1 (see Supplementary data). The 
mechanical stability of the bulk Nb3GeTe6 is confirmed by the conditions exhibited in 
section 6.4 (note to Table 6.1). The band structure of bulk Nb3GeTe6 along the U–X–S–
R–U–Y–Γ–Z–S–R–B path (as shown in Figure 6.1(b)) in the 3D BZ is given in Figure 
6.1(a). Also, the Hubbard corrected DFT (DFT+U) calculation [58-60] was also 
performed to further examine the correlation effects of the Nb element, and the results 
are exhibited in Figure 6.6 (see Supplementary data). By comparing the results of DFT 
and DFT+U, one can see that the band topology around the EF is retained. According to 
the calculated density of states of bulk Nb3GeTe6 (see Figure 6.1(c)), one can see that 
the electronic states ranging from −1 eV to 1 eV are mainly coming from the 
hybridization between the Nb-𝑑𝑑 and Ge-𝑝𝑝 orbitals. 
Based on the calculated band structures in Figure 6.1(a), one can see that the bands are 
mainly concentrated in two regions (labeled as R1 and R2). For region R1, along the U–
R (B–R) and X–S (Z–S) directions, the two twofold degenerate energy bands present a 
linear type dispersion near/at points R and S, and the two twofold degenerate energy 
bands are completely degenerated together in the S–R region. Therefore, in this region, 
a fourfold nodal line can be found in the (𝑘𝑘𝑥𝑥 = 𝜋𝜋, 𝑘𝑘𝑧𝑧 = 𝜋𝜋) plane (see Figure 6.1(b)). 
The degeneracy of the fourfold nodal line is due to the linear band crossings (BCs) 
between the two twofold degenerate energy bands along the 𝑘𝑘𝑧𝑧 direction in the 𝑘𝑘𝑥𝑥 = 𝜋𝜋 
plane and along the 𝑘𝑘𝑥𝑥 direction in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 plane. To further examine how these 
low-energy bands cross linearly, the band structures of some general k-paths along the 
𝑘𝑘𝑧𝑧 direction in the 𝑘𝑘𝑥𝑥 = 𝜋𝜋 plane, such as X–S–X′, U–R–U′, and D–E–D′, are shown in 
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Figure 6.1(f) as examples. Obviously, the linear dispersion type BCPs can be found at 




Figure 6.2 (a) Phonon dispersion of monolayer Nb3GeTe6; (b) calculated band structures 
of monolayer Nb3GeTe6 along the Z–S–X–Γ path in the surface BZ; (c) surface BZ of 
monolayer Nb3GeTe6, where the red lines show the doubly degenerate nodal line along 
the X–S path; (d) and (e) different views of the 3 × 3 × 1 Nb3GeTe6 supercell at 0 ps; (f) 
and (g) different views of the 3 × 3 × 1 Nb3GeTe6 supercell at 5 ps and 300 K; (h) the 
relationship between the total energy and the time at 300 K; (i)–(k) calculated electronic 
transport performance, the Seebeck coefficient (S), the electrical conductivity (𝜎𝜎), and 
the power factor (PF) (𝑆𝑆2𝜎𝜎) as functions of the Fermi energy, at 300 K. 
 
For region R2, as plotted in Figure 6.1(a), there are two BCPs along the Y–Γ–Z direction 
around the EF. Furthermore, one can conclude that BCP 1 and BCP 2 are not isolated 
nodal points [32,60] without SOC because this bulk enjoys time reversal (𝒯𝒯) and spatial 
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inversion (𝒫𝒫) symmetry protection. Instead, BCP 1 and BCP 2 are expected to be parts 
of a closed NL in the 𝑘𝑘𝑥𝑥 = 0 plane (see the blue closed line in the schematic diagram 
shown in Figure 6.1(b)). To confirm that there is a NL in the 𝑘𝑘𝑥𝑥 = 0 plane, a careful 
scan of the electronic structures of Nb3GeTe6 bulk was performed in the 𝑘𝑘𝑥𝑥 = 0 plane. 
A series of paths, i.e., Γ–Q (Q = Y, A, B, C, and Z) (see Figure 6.1(d)), were selected 
and the band structures of the above-mentioned paths were calculated and are shown in 
Figure 6.1(e). A and C are the midpoints of the Y–B and Z–B paths, respectively. In the 
𝑘𝑘𝑥𝑥 = 0 plane, one observes a series of BCPs along the Γ–Q directions, and these BCPs 
could form a 1D closed NL state (also named a topological nodal ring) (see Figure 
6.1(d)). More details about the symmetry analysis of the opened and closed nodal lines 
in R1 and R2 can be found in Section 6.4. 
 
6.2.2 Nb3GeTe6 monolayer 
Because the bulk Nb3GeTe6 is one of the layered telluride phases, one may wonder 
therefore wonder if it still has topological performance when it has the monolayer 
structure. More importantly, searching for stable topological materials in 2D systems is 
challenging. To favor experimental detection, the candidate materials must fulfil two 
indispensable conditions: one is room-temperature stability, and the other one is that 
there are clean nodal line states near the EF. Therefore, in this section, the phase stability 
and the clean topological signatures of Nb3GeTe6 monolayer (with the Pmc21 type 
structure) will be discussed in detail. 
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As shown in Figure 6.2(a), the density perturbation functional theory (DPFT) was 
employed to check the dynamic stability of Nb3GeTe6 monolayer (see the structural 
model in Figure 6.5 in Supplementary data). From it, one can see that, along the Z–S–
X–Γ path (see Figure 6.2(c)) in the surface BZ, there is no imaginary frequency for 
phonons, that is, all phonon modes are positive, indicating that this monolayer is 
dynamically stable. Moreover, according to the phonon dispersion, one can see that two 
of the three acoustic branches (at the Γ point) are almost energy degenerate. 
 
 
Figure 6.3 (a)–(d) Different views of 3 × 3 × 1 Nb3GeTe6 monolayer at 5 ps and different 




The calculated band structures of Nb3GeTe6 monolayer along the Z–S–X–Γ path in the 
surface BZ are exhibited in Figure 6.2(b). Similar to the analysis of the fourfold nodal 
line in the S–R direction in the bulk, a doubly degenerate nodal line can be found in the 
S–X surface path near the EF. Note that the nodal line along the S–X surface direction is 
nearly flat in terms of energy with extremely small energy variation, clean, and very 
close to the EF. Also, the linear dispersion type BCPs can be found near the X and S 
points (see the arrows in Figure 6.2(b)). More details about the symmetry analysis of the 
opened nodal line of Nb3GeTe6 monolayer along S–X path can be found in 
Supplementary data (Section 6.4). 
Considering that many common members of the good thermoelectric materials are 
topological materials, the thermoelectric properties of topological materials have 
attracted research attention [61,62]. It is interesting to discuss the advantages of a nearly 
flat nodal line in thermoelectric applications. 
Usually, the thermoelectric performance is described by the power factor 𝑃𝑃𝐹𝐹 = 𝑆𝑆2𝜎𝜎, 
where the 𝑆𝑆 is the Seebeck coefficient and σ is the electrical conductivity. For a material 
with multiple decoupled sub-bands, the entire Seebeck coefficient and electrical 
conductivity can be approximately summed from all the valleys by assuming a parallel 
conductor model: 




, and 𝜎𝜎 = ∑ 𝜎𝜎𝑖𝑖𝑄𝑄𝑖𝑖=1  
If one assumes these multiple sub-bands are likely to be similar, based on this model, all 
the valleys make a contribution to the total electrical conductivity, while the Seebeck 
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coefficient is close to that of a single valley. Thus, the power factor 𝑃𝑃𝐹𝐹 = 𝑆𝑆2𝜎𝜎  is 
significantly increased by high electrical conductivity. This phenomenon has been 
observed in multilayer MoS2 [63] and PdSe2, [64] which is helpful for improving their 
thermoelectric performance. When only states near the Fermi energy EF are considered, 
for both metals and degenerate semiconductors, the Seebeck coefficient is defined by 









where kB is Boltzmann’s constant. Therefore, a high Seebeck coefficient is expected if 
there is nearly flat band with a sharp change in electrical conductivity. 
In order to explore the role of the nearly flat nodal line of monolayer Nb3GeTe6 in 
thermoelectric transport, the author set out to calculate the electronic transport properties 
of Nb3GeTe6 monolayer, i.e., the Seebeck coefficient (S), electrical conductivity (σ), 
relaxation time (τ), and the power factor (S2σ) as functions of the Fermi energy under 
300 K, as shown in Figure 6.2(i–k). Here, the electrical conductivity is calculated with 
the constant relaxation time approximation, and the value of the relaxation time is 
calculated (see Figure 6.8 and Table 6.2 in Supplementary data) [66]. It is surprising that 
there is a small peak in S and S2σ at Fermi energy equal to −0.028 eV, corresponding to 
the energy position of the nodal line. Furthermore, for the first time, the maximum value 
of the 𝑃𝑃𝐹𝐹 platform appears around the Fermi energy level over a large range (−0.05 to 
0.05 eV), which has never been observed in other 2D normal semiconductors [67] and 
2D topological materials [68]. 
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For the practical application of Nb3GeTe6 monolayer in nanoelectronic devices or 
electrode films, one issue [69] that one must pay attention to is the thermal stability of 
this system at high temperatures, such as room temperature or higher. In this work, the 
thermal stability of a 3 × 3 × 1 Nb3GeTe6 monolayer was examined with the help of ab 
initio MD simulations [70.71] within the canonical ensemble (NVT) at 300 K, 500 K, 
1000 K, 1500 K, and 2000 K, respectively, for 5000 fs (i.e., 5 ps) with a time step of 1.5 
fs. The structure models of this 3 × 3 × 1 monolayer at 0 ps and 5 ps at room temperature 
(300 K) are given in Figure 6.2(d, e) and (f, g), respectively. The relationship between 
the total energy and the time at 300 K is also given in Figure 6.2(h). It can be seen from 
these figures that the Nb3GeTe6 monolayer can maintain its stable structure at 300 K, 
and its total energy fluctuation is not large. 
Figure 6.3 shows the structural models of Nb3GeTe6 monolayer at even higher 
temperatures (500 K, 1000 K, 1500 K, and 2000 K) at 5 ps. One can see that the structure 
can be maintained at quite high temperatures (up to 1500 K) for 5 ps. As shown in Figure 
6.3(d), at 2000 K, the Nb3GeTe6 monolayer exhibits large structural distortion, which 
also indicates that the original structure at 0 ps was largely destroyed. Note that this 
monolayer has very high thermal stability, so it is suggested to be used to build 







6.2.3. Effects of SOC 
In this section, the band structures and topological signatures of Nb3GeTe6 bulk and 
monolayer, respectively, under the SOC effect, are studied. As shown in Figure 6.4(a) 
and (b), the band structures of Nb3GeTe6 bulk are given with the SOC effect. The 
influence of SOC on the band structures can be summarized as follows: (1) all the band 
structures are at least twofold degenerate with the SOC effect; (2) SOC-induced gaps 
(>20 meV) occur along the Y–Γ–X path, and the closed NL in the 𝑘𝑘𝑥𝑥 = 0 plane is 
removed; (3) the band structures along the X–S (S–R) paths feature a new topological 
signature, namely, hourglass-like Dirac line along in U–X–S–R plane (see Figure 6.4(c)). 
Very recently, Wu et al. [72] listed all possible topological hourglass-like band crossings 
in 230 space groups via checking compatibility relations in the BZ. They [72] stated that 
materials with space group number 62 and primitive orthorhombic lattice should feature 
an hourglass like nodal line in U–X–S–R plane. The symmetry analysis of the hourglass-
like Dirac-points along X–S (and S–R) paths can be found in Figure 6.7 in 
Supplementary data. Furthermore, it should be noted that the hourglass-like Dirac-points 
(along S–M (M = A, B, C, D, U, G, H) paths) have a very narrow bandwidth being (up 
to 0.8 meV) based on the calculated DFT results (see Figure 6.4d). Similar small 
bandwidth can also be observed in hourglass like Dirac loop for Ba2ReO5 material with 
space group number 62 in ref. 72. 
Figure 6.4(e) exhibits the band structure of the monolayer near the EF. A more careful 
scan of the band structure reveals that there open small gaps at the BCPs along the S–X 
path (see Figure 6.4(e)). The SOC-induced gaps along the S–X path are as high as 20 
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meV. It should be noted that many typical NLSs predicted before had relatively larger 
SOC-induced gaps (normally >20 meV) [32,52,73-75]. Hence, Nb3GeTe6 monolayer is 
a good NLS because the values of the SOC-induced gap along the whole nodal line are 
smaller than 20 meV. Furthermore, Dirac points can be found at X and S high symmetry 
points when SOC effect is added. 
 
Figure 6.4 (a) and (e) Band structures of Nb3GeTe6 bulk and monolayer, respectively, 
with SOC; (b) band structures of Nb3GeTe6 bulk along the X–S and S–R directions, 
respectively; (c) shape of nodal line in U–X–S–R plane; (d) calculated band structures 






In summary, based on DFT, the author proposed that the 3D Nb3GeTe6 bulk and 2D 
monolayer can serve as new systems of NLSs. The bulk is an already synthesized 
material, and the monolayer is dynamically stable and highly thermally stable. Without 
considering the SOC, Nb3GeTe6 bulk possesses a single closed NL in the 𝑘𝑘𝑥𝑥 = 0 plane 
and a fourfold NL in the (𝑘𝑘𝑥𝑥 = 𝜋𝜋 , 𝑘𝑘𝑧𝑧 = 𝜋𝜋) plane. Nb3GeTe6 monolayer features a 
doubly degenerate nearly flat NL along the X–S path. Remarkably, the NL along the S–
X surface direction enjoys the following advantages: (1) it is nearly flat in energy with 
extremely small energy variation; (2) it is clean and has no other energy bands nearby; 
and (3) it is very close to the EF. When the SOC is considered, Nb3GeTe6 bulk material 
belongs to the hourglass like Dirac line type materials, although the Nb3GeTe6 
monolayer can still be well described as a NLS, since the SOC-induced gaps are quite 
small (below 20 meV). Importantly, thanks to the nearly flat nodal line states in the 
monolayer, a peak will be induced in S and PF at the Fermi energy around the energy 
position of the nodal line. Furthermore, an exceptional maximum value of the PF 
platform appears around the Fermi energy level over a large range (−0.05 to 0.05 eV), 
which has not been observed before in other 2D normal semiconductors or topological 
materials. This novel topological 2D material may have applications in building 







6.4 Supplementary data 
6.4.1 Computational methods 
In this study, the electronic structures of 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 (no. 62) Nb3GeTe6 were calculated 
using density functional theory, within the VASP code [76]. The projector augmented 
wave (PAW) [77] method is used to deal with the interaction between the ion cores and 
valence electrons. The Perdew-Burke-Ernzerhof (PBE) parameterization of the 
generalized gradient approximation (GGA) [78] was selected to describe the exchange 
and correlation functionals. For the Nb3GeTe6 bulk, a plane-wave basis set cut-off of 
500 eV and a Monkhorst-Pack special 3 × 8 × 4 k-point mesh were used in the BZ 
integration. For the Nb3GeTe6 surface, the Monkhorst-Pack special 4 × 8× 1 k-point 
mesh was used in the surface BZ. The unit cell was optimized until the force and total 
energy were less than 0.005 eV/Å and 1 × 10-7 eV, respectively. The electronic transport 
coefficients were calculated in the framework of the Boltzmann transport equation (BTE) 
within the constant relaxation time approximation (CRTA), as implemented in 
BoltzTraP [79]. The electronic transport coefficients can be derived from the calculated 
electronic structure, and the key point is to find the so-called transport distribution (TD) 
by solving the BTE. Then, the Seebeck coefficient and electrical conductivity can be 
calculated in term of TD. Within CRTA, the Seebeck coefficient can be directly 
evaluated from the band structure, while the electrical conductivity is calculated with 
relaxation time τ as a constant. The phonon dispersion of unit cell of 2D Nb3GeTe6 




6.4.2 Structural models 
With the help of first-principles, the crystal structure of bulk Nb3GeTe6 was totally 
relaxed, and the optimized lattice parameters were a = 6.465 Å, b = 11.558 Å, and c = 
14.219Å, respectively. Note that the van der Waals corrections were considered 
according to the methods of Klimeš et al. [80]. The lattice parameters obtained 
experimentally by Li and Carroll [81] were a = 6.435 Å, b = 11.524 Å, and c = 13.915Å, 
respectively. The results for the optimized lattice parameters in this current work are in 
good agreement with the experimental values listed above [81]. Different views of 
crystal structure of this bulk can be observed in Figure 6.5(a) and 6.5(b). Bulk Nb3GeTe6 
contains 40 atoms, i.e., 24 Te atoms, 12 Nb atoms, and 4 Ge atoms, respectively. In this 
unit cell, Te atoms occupy the 8d (-0.35454, 0.62533, 0.18211), 8d (-0.28409, 0.62616, 
0.84054), and 8d (0.13462, 0.62924, 0.00670) sites, Nb atoms occupy the 4c (0.32719, 
0.75, 0.16607), 4c (-0.19778, 0.75, 0.03285), and 4c (0.42522, 0.75, 0.92486) sites, and 
Ge atoms occupy the 4c (0.42522, 0.75, 0.92486) sites, respectively. As shown in Figure 
6.5(c) and 6.5 (d), different views are presented of Nb3GeTe6 monolayer with optimized 
lattice constants a = 6.54 Å and b = 11.587 Å. To break the periodic symmetry in the c 






Figure 6.5 (a) and (b) Different views of the crystal structure of bulk Nb3GeTe6; (c) and 
(d) Different views of the crystal structure of monolayer Nb3GeTe6. 
 
6.4.3 Calculated elastic constants 
Table 6.1 Calculated elastic constants of 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 type Nb3GeTe6 bulk. 
𝐶𝐶11 𝐶𝐶12 𝐶𝐶13 𝐶𝐶22 𝐶𝐶23 𝐶𝐶33 𝐶𝐶44 𝐶𝐶55 𝐶𝐶66 
113.515 11.930 23.589 47.956 12.423 99.084 8.861 12.577 36.673 
 
The mechanical stability of this system can be evaluated by the following necessary 
conditions: 
𝐶𝐶𝑟𝑟𝑖𝑖𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑃𝑃 (𝑖𝑖) 𝐶𝐶11 > 0; 
𝐶𝐶𝑟𝑟𝑖𝑖𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑃𝑃 (𝑖𝑖𝑖𝑖) 𝐶𝐶11 × 𝐶𝐶22 > 𝐶𝐶122 ; 
𝐶𝐶𝑟𝑟𝑖𝑖𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑃𝑃 (𝑖𝑖𝑖𝑖𝑖𝑖) 𝐶𝐶11 × 𝐶𝐶22 × 𝐶𝐶33  +  2𝐶𝐶12 × 𝐶𝐶13 × 𝐶𝐶23 − 𝐶𝐶11 × 𝐶𝐶232 − 𝐶𝐶22 × 𝐶𝐶132
− 𝐶𝐶33 × 𝐶𝐶122 > 0; 
𝐶𝐶𝑟𝑟𝑖𝑖𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑃𝑃 (𝑖𝑖𝑣𝑣) 𝐶𝐶44 > 0; 
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𝐶𝐶𝑟𝑟𝑖𝑖𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑃𝑃 (𝑖𝑖𝑣𝑣) 𝐶𝐶55 > 0; 
𝐶𝐶𝑟𝑟𝑖𝑖𝐶𝐶𝐶𝐶𝑟𝑟𝑖𝑖𝑃𝑃 (𝑖𝑖𝑣𝑣) 𝐶𝐶66 > 0. 
From the calculated elastic constants (see Table 6.1), it is confirmed that bulk Nb3GeTe6 
fulfills all the above-mentioned conditions and thus is mechanically stable. 
 
6.4.4 Calculated band structure via DFT+U 
 
Figure 6.6. Calculated orbital-resolved band structures of 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 Nb3GeTe6 bulk. 
 
6.4.5 Symmetry analysis 
 
6.4.5.1 3D Nb3GeTe6 (without SOC) 
3D Nb3GeTe6 has a 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 space, the generators for it are: the inversion symmetry 𝒫𝒫, 
glide mirrors 𝑀𝑀𝑥𝑥 ((x,y,z) → (-x+1/2,y+1/2,z+1/2)) and glide mirrors 𝑀𝑀𝑦𝑦 ((x,y,z) 
→(x+1/2,-y+1/2,z). It also preserves time reversal symmetry 𝒯𝒯. 
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In R2 region, the nodal ring is accidental and protected by two independent symmetries, 
i.e., 𝑀𝑀𝑥𝑥 and 𝒫𝒫𝒯𝒯 symmetries. This nodal line will not maintain if the band inversion 
disappears due to this nodal line in R2 is formed by two bands at Γ point with band 
inversion. 
In R1 region, each k point on S-R for 3D Nb3GeTe6 is invariant under 𝑀𝑀𝑥𝑥, each Bloch 
state on this path can be chosen as the eigenstate |𝑢𝑢⟩ of 𝑀𝑀𝑥𝑥. S-R is an invariant subspace 
of the combined anti-unitary 𝑀𝑀𝑦𝑦𝒯𝒯 . On this path, one has (𝑀𝑀𝑦𝑦𝒯𝒯)2 = 𝐶𝐶𝑖𝑖𝑘𝑘𝑥𝑥 = −1, it 
means that there must exist a Kramer-like degeneracy oh this path. Furthermore, S-R is 
also the invariant subspace for 𝑀𝑀𝑧𝑧, 𝑀𝑀𝑥𝑥. The commutation between these two operators 
is  𝑀𝑀𝑧𝑧 = −𝐶𝐶𝑖𝑖𝑘𝑘𝑥𝑥+𝑖𝑖𝑘𝑘𝑧𝑧𝑀𝑀𝑧𝑧𝑀𝑀𝑥𝑥 , that means  {𝑀𝑀𝑥𝑥,𝑀𝑀𝑧𝑧} = 0  on this path. Such that there is 
another double degeneracy on this path. Therefore, S-R is a fourfold degenerate path, 
degenerate states are {|𝑢𝑢⟩, 𝑀𝑀𝑦𝑦𝒯𝒯|𝑢𝑢⟩,𝑀𝑀𝑧𝑧|𝑢𝑢⟩, 𝑀𝑀𝑧𝑧𝑀𝑀𝑦𝑦𝒯𝒯|𝑢𝑢⟩}. Hence, when SOC is ignored, 
there should be a fourfold degenerate nodal line in R1 region, which is in a good 
agreement with the DFT calculated results. 
 
6.4.5.2 3D Nb3GeTe6 (with SOC) 
For S-X path, it is the invariant subspace for 𝑆𝑆𝑧𝑧 = 𝒫𝒫𝑀𝑀𝑧𝑧: (−𝑥𝑥 +
1
2
,−𝑦𝑦, 𝑧𝑧 + 1
2
). Each 
Bloch state is selected as the eigenstate |𝑢𝑢⟩ of 𝑆𝑆𝑧𝑧. The eigenvalue is given by  g𝑧𝑧 =
±𝑖𝑖𝐶𝐶𝑖𝑖𝑘𝑘𝑧𝑧/2. As shown in the Figure 6.7, at S (𝜋𝜋, 0, 𝜋𝜋), g𝑥𝑥 = ±1, each Kramers pair |𝑢𝑢⟩ 
and 𝒯𝒯|𝑢𝑢⟩ at S should have same g𝑥𝑥. However, at X (𝜋𝜋, 0, 0), 𝑔𝑔𝑥𝑥 = ±𝑖𝑖, each |𝑢𝑢⟩ and 
𝒯𝒯|𝑢𝑢⟩ at X should have opposite g𝑥𝑥. Therefore, a partner-switching from S to X will form 
an hourglass ban structure. Due to the presence of 𝒫𝒫𝒯𝒯 symmetry, every band is double 
120 
 
degenerate, it is a Dirac like hourglass along S-X direction. The similar analysis also 




Figure 6.7 Schematic figure of the hourglass-like Dirac point along X-S path. 
 
6.4.6 Carrier relaxation time at 300K 
 
The carrier relaxation time at 300K is calculated using the deformation potential theory. 











 , a second order of the 
total energy with respect to deformation Δ𝑙𝑙/𝑙𝑙0, and 𝑆𝑆0 is the area of the unit cell. The 
factor 𝐸𝐸𝑙𝑙  is DP constant, which is calculated as 𝐸𝐸𝑙𝑙 =
𝜕𝜕𝐸𝐸𝑒𝑒𝑑𝑑𝑒𝑒𝑒𝑒
𝜕𝜕(Δ𝑙𝑙/𝑙𝑙0)
 , the slop of the energies 
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at the valence or conduction edges as a function of Δ𝑙𝑙/𝑙𝑙0 . And 𝑃𝑃𝑑𝑑∗  is the average 
effective mass and defined by 𝑃𝑃𝑑𝑑∗ = �𝑃𝑃𝑋𝑋−𝐾𝐾∗ 𝑃𝑃Γ−𝑋𝑋∗ . 
Calculated results are listed in following Table 6.2 and Figure 6.8. 
 
Table 6.2 Calculated DP constant (𝐸𝐸𝑙𝑙), elastic modulus (𝐶𝐶2𝐷𝐷), effective mass, carrier 
mobility and relaxation time at 300 K. 
 
𝐸𝐸𝑙𝑙 (𝐶𝐶𝑉𝑉) 𝐶𝐶2𝐷𝐷 (𝐶𝐶𝑉𝑉Å−2) 𝑃𝑃𝑋𝑋−𝐾𝐾∗ (𝑃𝑃𝑒𝑒) 𝑃𝑃Γ−𝑋𝑋∗ (𝑃𝑃𝑒𝑒) 𝜇𝜇(𝑐𝑐𝑃𝑃−2𝑉𝑉−1𝑠𝑠−1) 𝜏𝜏(10−14𝑠𝑠) 
5.44 11.12 4.39 1.59 11.08 2.76 
 
 
Figure 6.8 (a) calculated total energy as a function of deformation Δ𝑙𝑙
𝑙𝑙0
;  (b) Fermi-
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7 Rich novel zero-dimensional (0D), 1D, and 2D topological elements predicted in 
the 𝑷𝑷𝑷𝑷𝟑𝟑/𝒎𝒎 type ternary boride HfIr3B4 
 
7.1 Introduction 
The topological state of matter [1], as a hot topic in the physical chemistry research 
community, has been receiving widespread attention. Recently, the materials at the focus 
of this research topic have gradually transitioned from TIs [2–10] to topological 
semimetallic materials (TSMs) [11–30]. TSMs can be roughly classified into the 
following three categories: (i) topological nodal point type semimetals (TNPSs) [31–35], 
such as Dirac point type semimetals (DPSs) [13,20,26,31–34] and Weyl-point type 
semimetals (WPSs) [13,18,23,35]; (ii) nodal line type semimetals (NLSs) 
[11,16,17,24,25,27,36–40]; and (iii) topological nodal surface type semimetals (TNSSs) 
[41]. TNPSs exhibit zero dimensional (0D) topological elements (TEs). For example, 
the 0D TE of the DPSs/WPSs arises from the intersection (BCPs) of four/two conduction 
bands (CBs) and valence bands (VBs) in the momentum space. NLSs possess BCPs 
forming a line, and therefore, these materials exhibit 1D TEs. 3D TSMs also exhibit rare 
2D TEs, that is, the BCPs can form a 2D nodal surface. Each point on the surface 
represents the intersection of two bands, and its dispersion is linear along the surface 
normal direction (SND). Of particular importance is that the coarse-grained 
quasiparticles excited from a NS behave effectively as 1D massless Dirac fermions along 
the SND [41], which may induce very remarkable physical properties. 
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Note that the 0D TEs of some novel materials, such as Cd3As2 [42], Na3Bi [43], and the 
TaAs [44] family, predicted by theory, have been experimentally confirmed by means 
of high-resolution angle-resolved photoemission spectroscopy (ARPES). Also, many 
materials with 1D TEs, such as nodal lines/rings [45], nodal chains [46], nodal links [47], 
or nodal knots [48], were predicted based on first-principles simulations. Among them, 
the 1D NL fermions in PbTaSe2 were examined based on ARPES by Bian et al. in 2016 
[49]. Furthermore, the 1D topological nodal chains were experimentally discovered by 
Yan et al. in 2018 [46]. Unfortunately, the understanding of TNSSs is still at an early 
stage, and very limited theoretical research has been carried out on TNSSs with 2D TEs 
so far [41]. For example, Zhong et al. [50] predicted a series of graphene networks 
featuring pairs of TNS states via first-principles calculations in 2016; Liang et al. [51] 
found that hexagonal BaMX3 are TNSSs with a single TNS state when the SOC is not 
considered; Wu et al. [41] and Bzdušek [52] predicted that the stable TNS states can 
exist in magnetic systems and centrosymmetric systems, respectively. 
In this chapter, the author finds that the experimentally synthesized 𝑃𝑃63/𝑃𝑃 HfIr3B4 
[53] is a good TSM. Remarkably, novel 0D, 1D, and 2D TEs were predicted to coexist 
around the EF for this material. This is the first observation that the 0–2D TEs exist 









Figure 7.1 (a and b) Different views of the crystal structure of HfIr3B4; (c) selected high 
symmetry points, i.e., K–Γ–M–K–Γ–A–L–H–A, in the BZ of HfIr3B4; and (d) surface 






Figure 7.2 (a and b) Band structures of HfIr3B4 calculated via the PBE and DFT+U 
methods, respectively; (c) an enlarged view of the band structure of HfIr3B4 along the 
M–K–Γ direction; and (d) the Dirac cone formed in the vicinity of the DP. 
 
The ternary boride compound HfIr3B4 was synthesized, and the experimental lattice 
parameters obtained by Rogl and Nowotny [53] were a = 7.548 Å and c = 3.487 Å, 
respectively. In this chapter, with the help of first-principles calculations, the lattice 
parameters of 𝑃𝑃63/𝑃𝑃 HfIr3B4 were totally relaxed, and the calculated results are a = 
7.616 Å and c = 3.519 Å, respectively. The results in this current work are thus in good 
agreement with the experimental values [53]. Different views of the crystal structure of 
this compound are shown in Figure 7.1(a) and (b). The structural parameters of the unit 
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cell are listed in Table 7.1 of the section 7.4, where more details about the Computational 
methods can be found. 
The band structure of 𝑃𝑃63/𝑃𝑃 HfIr3B4, as calculated with the help of the Perdew–
Burke–Ernzerhof (PBE) parameterization of the generalized gradient approximation 
(GGA), is shown in Figure 7.2(a). The high symmetry points, i.e., K–Γ–M–K–Γ–A–L–
H–A, in the BZ were added (see Figure 7.1(c)) during the band-structure calculations. 
To evaluate the correlation effects of the Hf and Ir elements on the band structures, 
density functional theory plus Hubbard correction (DFT+U) calculations [54] were also 
performed, and the U values for Hf and Ir 𝑑𝑑  orbitals were selected as 3 eV. The 
obtained results are shown in Figure 7.2(b). By comparing Figure 7.2(a) and 7.2(b), one 
can see that the band topology near the EF has not changed. The modified Becke–
Johnson exchange potential with GGA (MBJGGA) method was used to calculate the 
band structure of HfIr3B4 and the obtained results are shown in Figure 7.5 (see section 
7.4). The MBJGGA method possesses similar accuracy to HSE and GW methods in 
predicting the band gap [17]. The orbital-resolved band structure of HfIr3B4 was 
calculated, and the results are shown in Figure 7.6 (see section 7.4), which shows that 
the bands near the EF mainly originate from the Ir-𝑑𝑑 orbitals. 
In order to analyze the 0D, 1D, and 2D TEs of the band structures more clearly, the 
energy bands are divided into three regions, denoted as R1, R2, and R3 regions. Next, 
the BCPs in each region and their corresponding TEs will be investigated in detail. 
In region R1, HfIr3B4 exhibits a 0D TE, namely, a 0D Dirac point (DP) (see Figure 7.2(c)) 
at the K point. As shown in Figure 7.2(d), a 3D graph is used to characterize the shape 
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of the conduction band (CB) and the valence band (VB). From Figure 7.2(d), one can 
find that the cone features a linear dispersion near the DP, reflecting that the Dirac 
fermion in this region is massless. Furthermore, the Fermi velocity (Vf) of HfIr3B4 is 
calculated by means of the formula [55,56]: 𝑉𝑉𝑒𝑒 = 𝜕𝜕𝐸𝐸/ħ𝜕𝜕𝑘𝑘 , where ħ is the reduced 
Planck constant. The obtained Vf value of this DP was 3.94 × 105 m/s, and it is 
comparable to that of the recently predicted 3D Dirac material manganese fluoride [57]. 
For region R2, as shown in Figure 7.3(a), one can see that this system features two 
obvious BCPs (BCP1 and BCP2) near the EF. In detail, there is one BCP along the Γ–M 
direction and one BCP along the K–Γ direction, respectively. HfIr3B4 is protected from 
time reversal (𝒯𝒯) symmetries and spatial inversion (𝒫𝒫) symmetries. Also, according to 
the symmetry analysis using the Quantum Espresso code, along the Γ–K (Γ–M) direction, 
the two intersecting bands in BCP1 (BCP2) belong to the irreducible representations 𝐴𝐴′ 
and 𝐴𝐴′′ of the 𝐶𝐶𝑠𝑠  symmetry. Therefore, these two BCPs cannot be regarded as the 
isolated nodal points [58,59] when the SOC effect is ignored in the calculations. There 
should be a NL in the 𝑘𝑘𝑧𝑧 = 0 plane (see the schematic diagram in Figure 7.3(b)). Also, 
the 3D and 2D graphs of the shape of the CB and VB are shown in Figure 7.3(c) and (d) 
to show the 1D TEs for these two BCPs. One can clearly see that a NL state occurs in 
the 𝑘𝑘𝑧𝑧 = 0 plane. A careful survey of the electronic structure of HfIr3B4 in the 𝑘𝑘𝑧𝑧 = 0 
plane was performed. The band structures along the Γ–X (X = K, A, B, C, D, E, and M) 
(see Figure 7.3(e)) directions were calculated for the 𝑘𝑘𝑧𝑧 = 0 plane, respectively. The 
results are shown in Figure 7.3(f). For the 𝑘𝑘𝑧𝑧 = 0 plane, the BCPs are still maintained 
along all the Γ–X directions, reflecting the 1D TE of HfIr3B4 in region R2. One of the 
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most obvious features of the NL state is the presence of a drum-head-like surface state 
inside or outside the projected bulk NL states [60]. As shown in Figure 7.3(g), the 
projected spectra of the HfIr3B4 (001) surface along K� − Γ� − M�  in the surface BZ (see 
Figure 7.1(d)) are exhibited. In this figure, the drum-head-like surface states and BCPs 
are highlighted with black arrows and yellow balls, respectively. 
For region R3, the band structures along the Γ–A–L–H–A directions in BZ are shown in 
Figure 7.4(a). Along the Γ–A direction, the two energy bands present a linear type 
dispersion near/at point A, and the two energy bands are completely degenerate in the 
A–L–H–A region. As shown in Figure 7.4(b), one can conclude that a 2D TE, i.e., a 
topological nodal surface state, should be formed in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋  plane. As for the 
degeneracy of the two bands, it is due to the linear band crossings (BCs) between the 
two energy bands along the 𝑘𝑘𝑧𝑧  direction. The band structures along A–R–H in the 
𝑘𝑘𝑧𝑧 = 𝜋𝜋 plane are shown in Figure 7.4(c) to further illustrate the degeneracy of the two 
bands. In order to prove that these low-energy bands cross linearly, the band structures 
of some general k-paths, such as E′–R–E and K′–H–K, are exhibited in Figure 7.4(d) 
and (e), respectively, as examples. From these figures, the linear dispersion type BCPs 




Figure 7.3 (a) Calculated band structures of HfIr3B4 along the K–Γ–M direction, (b) 
schematic diagram of the NL state in the 𝑘𝑘𝑧𝑧 = 0 plane, (c and d) the 3D and 2D maps 
of the shapes of the CB and VB; in (d), the nodal line is highlighted by a white line, (e) 
illustration of the 1D TE and the selected k-paths through the nodal line, with the A, B, 
C, D, and E points equally spaced between the M and K points, (f) calculated band 
structures along the Γ–M, Γ–A, Γ–B, Γ–C, Γ–D, Γ–E, and Γ–K directions, respectively, 
and (g) the projected spectra of the (001) surface state with the drum-head-like states 




Figure 7.4 (a) Calculated band structure of HfIr3B4 along the Γ–A–L–H–A direction; (b) 
selected high symmetry points in the BZ of HfIr3B4, where E and R are the center points 
of the two triangles L–A–H and M–Γ–K, respectively, and the nodal surface state is 
marked in yellow; and (c–e) the band structures of some general k-paths, i.e., A–R–H, 
E′–R–E, and K′–H–K, respectively. 
 
The effects of the SOC on the 0D, 1D, and 2D TEs of HfIr3B4 are discussed in detail in 
this study, and the results of the calculated band structures with SOC in R1, R2 and R3, 
respectively, are shown in Figure 7.7(a), 7.7(b), and 7.7(c). One can see that the band 
topology of HfIr3B4 in these regions is very robust due to the SOC effect. 
HfIr3B4 with its rich topological elements can be used to build devices based on its 
individual TEs. In device applications, the nature of the physical properties near the EF 
usually determines the performance of the device [61]. The three different TEs of 
HfIr3B4 are equally distributed in different energy ranges relative to the EF. As shown in 
Figure 7.8, one can induce hole and electron doping effects into this system to adjust the 
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location of the EF [62-64]: (i) as shown in Figure 7.8(a), with a hole doping concentration 
of 0.05 carriers per atom, the EF of HfIr3B4 will move towards a lower energy level, and 
the two BCPs are exactly at the EF; (ii) as shown in Figure 7.8 (b), with an electron 
doping concentration of 0.0125 carriers per atom, the EF will move up, and the DP will 
be located at the EF; and (iii) as shown in Figure 7.8 (c), with an electron doping 
concentration of 0.05 carriers per atom, the location of the EF will be tuned to region R3. 
Normally, the EF position, and thereby the carrier concentration, can be experimentally 
controlled by the use of a gate voltage [65]. Therefore, one can use a gate voltage to 
adjust the position of each TE with respect to the EF, and achieve the aim of building 
on-demand devices based on individual TEs. 
 
 




Figure 7.6 Calculated orbital-resolved band structure of HfIr3B4. 
 
7.3 Summary and outlook 
In summary, the author has theoretically proposed that the synthesized 𝑃𝑃63/𝑃𝑃 type 
HfIr3B4 compound is a new topological semimetal with rich TEs: namely, this 
compound features a 0D TE, i.e., the DP, at the K point, a 1D NL state in the 𝑘𝑘𝑧𝑧 = 0 
plane, and a 2D TNS state in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 plane, respectively. The author wants to 
emphasize that a material exhibiting multiple 0D, 1D, and 2D TEs at the same time is 
reported for the first time in a synthesized compound. Furthermore, this material is 
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suitable to be used for building on-demand devices, and a gate voltage is suggested for 
adjusting the positions of 0D–2D TEs relative to the EF. 
Furthermore, the combination of NL states with other physical properties is emerging: 
(1) the combination of NL states and the ferroelectric phase; for example, Yu et al. 
proposed that three mutually crossed nodal rings can be found in LiOsO3 [66]with the 
ferroelectric phase; (2) the combination of NL states and the superconducting properties; 
for example, Jin et al. proposed that NaAlGe bulk [67] hosts superconductivity and dual 
double NL states; and (3) the combination of 100% spin polarization and NL states; for 
example, Jiao et al. proposed that 100% spin polarization and closed nodal lines can be 
found in MnF3 bulk [57]. However, research on TSMs with nodal surface states is still 
at an early stage, and there are still many issues worth exploring. 
Note that the rich TEs in TSMs not only provide a good opportunity to study the high-
energy physics in realistic materials, but also introduce many special phenomena in 
condensed matter physics. For TSMs featuring rich TEs, all the novel physical properties 
from different TEs can be realized in one material, which may broaden the fields of their 
applications. Therefore, it is an urgent need to develop realistic TSMs containing 




7.4 Supplementary data 
7.4.1 Structure parameters 
 
Table 7.1. Structural parameters of the unit cell of 𝑃𝑃63/𝑃𝑃 HfIr3B4. 
Atom X Y Z site 
B 0.00000 0.00000 0.00000 2b 
B 0.60246 0.55156 0.75000 6h 
Hf 0.33333 0.66667 0.75000 2d 
Ir 0.66762 0.74328 0.25000 6h 
 
7.4.2 Computational methods 
In this chapter, the electronic structure of 𝑃𝑃63/𝑃𝑃 HfIr3B4 was calculated using density 
functional theory, within the VASP code [68]. The projector augmented wave (PAW) 
[69] method was used to deal with the interaction between the ion cores and valence 
electrons. The Perdew-Burke-Ernzerhof (PBE) parameterization of the generalized 
gradient approximation (GGA) [70] was selected to describe the exchange and 
correlation functionals. For the HfIr3B4 system, a plane-wave basis set cut-off of 500 eV 
and a Monkhorst-Pack special 5 × 5 × 9 k-point mesh were used in the BZ integration. 
The unit cell was optimized until the force and total energy were less than 0.005 eV/Å 
and 0.0000001 eV, respectively. The surface states of HfIr3B4 were investigated in this 
study on a basis of a slab model built by WannierTools [71], according to the method of 
maximally localized Wannier functions [72]. The value of NSlab, i.e., Number of slabs 









Figure 7.8 Calculated band structures of HfIr3B4 under hole doping and electron doping 
effects: (a) with a hole doping concentration of 0.05 carrier per atom; (b) with an electron 
doping concentration of 0.0125 carrier per atom; (c) with an electron doping 




7.4.3 Band structure with MBJGGA 
The MBJGGA functional possesses similar accuracy with more expensive functionals, 
such as HSE06 and GW, in predicting the band order, and has been widely used in 
previous studies [73]. From Figure 7.5, one can see that the MBJGGA calculation 
showed a similar band structure with GGA, where all the BCPs (in R1, R2 and R3 
regions) retained. 
 
7.4.4 Topological properties under the effect of spin-orbit coupling 
The effect of SOC on the different TEs for HfIr3B4 is exhibited in Figure 7.7. One can 
see that these TEs are very robust to the SOC effect. As shown in Figure 7.7(b) and 
Figure 7.7(c), no SOC-induced gaps can be found in R1 and R3 regions. However, for 
the nodal line (NL) state in R2 region, indeed small SOC-induced gaps observed for 
both. Note that HfIr3B4 can be regarded as a good topological semimetal hosts NL in the 
𝑘𝑘𝑧𝑧 = 0 plane due to its gap sizes throughout the nodal line are less than 5 meV, which 
is much lower than typical NLSs, such as ZrSiS (above 20 meV) [74], TiB2 (above 25 
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In recent years, TSMs [1-2] have attracted great attention worldwide due to their novel 
topological elements and attractive application potential in next-generation 
nanoelectronic devices. Unlike TIs [3-8], TSMs [9-35] have a gap-free bulk state 
combined with topological surface states. Normally, TSMs can be classified into 
categories including topological nodal point type [9-15], nodal line type [16-30], and 
topological nodal surface type [31-35]. For topological nodal point semimetals 
(TNPSMs), their zero dimensional (0D) nontrivial BCPs are distributed at separate k 
points in the BZ. Some topological nodal point semimetals are predicated theoretically 
and examined experimentally as DSs and WSs, such as Na3Bi [36], Cd3As2 [37], WTe2 
[38], and MoTe2 [39]. Based on the degree of tilting of the BCPs, the topological nodal 
point semimetals can be classified into type I and type II categories [40], as exhibited in 
Figure 8.1. The bands of type I topological nodal point semimetals have a traditional 
conical dispersion in which the electrons and holes are separated well by energy (see 
Figure 8.1(a)). The EF of type II topological nodal point semimetals contains hole and 
electron states touching at the 0D node(s) (see Figure 8.1(b)). Furthermore, WSs have 
one additional variation [41,42], i.e., one node belongs to type I, whereas the chiral 
partner belongs to type II. This type of Weyl semimetal featuring type I and type II nodes 
is called as hybrid-type Weyl semimetal. Earlier studies [43,44] (in 2015) mainly 
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focused on type I WSs, such as TaAs family crystals [45-47]. Following type I WSs, a 
series of type II WSs (such as MoTe2 [39] and WTe2 [38]) have been reported. Moreover, 
the magnetic ion doping method has been used [42] to convert type I and type II WSs 
(TaAs and WTe2) into hybrid semimetals. 
 
 
Figure 8.1 Schematic diagrams of type I nodal points (a) and type II nodal points (b). 
 
Another type of well-studied topological semimetal is the so-called nodal line semimetal. 
Compared to topological nodal point semimetals, the conduction and valence bands in 
NLSs touch each other along 1D nodal line(s) in momentum space. Similar to WSs, 
NLSs can be categorized into three types: type I (see Figure 8.2(a)), type II (see Figure 
8.2(b)), and hybrid-type (see Figure 8.2(c)). Type I NLSs have been widely investigated 
both theoretically [27,29,48,49] and experimentally [50-56] in the past few years. 
However, type II NLSs, such as K4P3 [40] and Mg3Bi2 [57], have started to attract much 
attention very recently. Compared to type I NLSs, type II NLSs enjoy significant 
anisotropy in their magnetic, optical, and transport characteristics due to the strongly 
tilted nodal line. In 2018, Zhang et al [58] proposed that realistic electride compound 
Ca2As is a TSM with hybrid nodal rings simultaneously containing type I and type II 
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nodes. Hybrid NLSs feature momentum-space Klein tunneling processes between the 
electron and hole orbitals depending on the field orientation and the peculiar anisotropy 
in the cyclotron resonance. To date, a handful of hybrid NLSs, including Ca2As [58], 
Be2Si [59], antiferromagnetic 2D CrAs2 monolayer [60], and ferromagnetic CrP2O7 [61], 
have been discovered. Admittedly, research on hybrid-type NLSs is just beginning, and 
hybrid NLSs are expected to exhibit more intriguing physical phenomena. 
 
Figure 8.2 Schematic diagrams of type I TNR (a), type II TNR (b) and hybrid-type TNR 
(c). 
Given that the nodal lines in the aforementioned materials are fall into up to two 
categories, is it possible to achieve all types (type I, type II and hybrid-type) of 1D nodal 
lines in one realistic high-quality material? Motivated by this question, in this study, by 
means of first-principles calculations, the author proposes that quasi-2D α-FeSi2 is a 
152 
 
nodal line semimetal with two type I nodal rings near the EF in the 𝑘𝑘𝑧𝑧 = 0 and 𝑘𝑘𝑧𝑧 = 𝜋𝜋 
planes. More importantly, for the first time, the author shows that this quasi-2D 𝛼𝛼-FeSi2 
can exhibit all types of nodal lines without vacancies or atomic doping. The appearance 
of the strain-switched 1D nodal line is due to the opposite-pocket-like bands around the 
EF. Akin to LiFeAs [62], the 𝛼𝛼-FeSi2 material is a prepared quasi-2D material [63], and 
thus, its rich nodal line state combined with drum-head-like surface states can be 
experimentally realized. The present results reflect that 𝛼𝛼-FeSi2 is a new platform for 
realizing type I, type II, and hybrid-type nodal lines in one material and for investigating 
the interaction between the aforementioned types of NLSs. 
 
8.2 Computational methods 
All the electronic structures were calculated using density functional theory (DFT) with 
the VASP code [64]. The exchange-correlation potential is treated by using the 
generalized gradient approximation (GGA) [65] with the Perdew-Burke-Ernzerhof 
(PBE)66 functional. The author set 500 eV for the cut-off energy. A Monkhorst-Pack 
special 12 × 12 × 6 k-point mesh was used in the BZ integration. The phonon dispersion 
was checked with the help of density perturbation functional theory (DPFT). The surface 








8.3 Results and discussion 
 
Figure 8.3 (a) Crystal structure of quasi-2D 𝛼𝛼-FeSi2; (b) selected high symmetry points, 
i.e., Γ-X-M-Γ-Z-R-A-Z, in the BZ of 𝛼𝛼-FeSi2 and surface BZ, namely, A�(M�) − R�(X�) −
Z�(Γ�), of the (001) plane; (c) band structure of 𝛼𝛼-FeSi2 along Γ-X-M-Γ-Z-R-A-Z paths. 
 
𝛼𝛼-FeSi2 and 𝛽𝛽-FeSi2 are two types of allotropes for Si-rich FeSi2 [68]. 𝛽𝛽-FeSi2 [69] 
with an orthorhombic-type structure is a well-known semiconductor with a wide gap at 
room temperature. 𝛽𝛽-FeSi2 can be selected as a light emitting diode in silicon. 𝛼𝛼-FeSi2 
[63] with a LiFeAs [62]-type tetragonal structure (as shown in Figure 8.3(a)) exhibits 
metallic features and does not develop magnetic ordering [70], which makes it useful in 
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nanoelectronic and microelectronic areas. Quasi-2D 𝛼𝛼 -FeSi2 [70] crystallizes in 
tetragonal symmetry with the space group 𝑃𝑃4/𝑃𝑃𝑃𝑃𝑃𝑃 and a strong layer structure. The 
lattice parameters obtained in this chapter for 𝛼𝛼-FeSi2 are a = b = 2.7031 Å and c = 
5.1372 Å, which are in good agreement with the experimental values (a = b = 2.684 Å 
and c = 5.128 Å) [63]. To further evaluate the structural stability of 𝛼𝛼-FeSi2, the phonon 
dispersion of a 2×2×1 superlattice was calculated, and the results show that all the 
frequencies are positive (see Figure 8.4). Therefore, one can conclude that 𝛼𝛼-FeSi2 is 
phase stable in terms of theory. 
 
 
Figure 8.4 Calculated phonon dispersion of quasi-2D 𝛼𝛼-FeSi2. 
 
With the help of the optimized lattice parameters, the band structure along the Γ-X-M-
Γ-Z-R-A-Z high symmetry points (see Figure 8.3(b)) is exhibited in Figure 8.3(c). In 
Figure 8.3(c), one can clearly observe four BCPs around the EF. In addition to the regions 
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of these BCPs, the conduction band (CB) and valence band (VB) are separated well from 
each other in other high-symmetry directions. To better test the correlation effect of Fe 
atoms on the electronic structures, the Hubbard correction (U) was also taken into 
consideration in this density functional theory (DFT) calculation [10,11,13]. The results 
for the band structure (with U = 4 eV for Fe-𝑑𝑑 orbitals) of 𝛼𝛼-FeSi2 are given in Figure 
8.5. Compared to the band structure without U correction (see Figure 8.3(c)), one can 
see that the band topology near the EF has not changed. 
 
 





As shown in Figure 8.3, four BCPs (A1, B1, A2, and B2) are mainly located in two 
regions (named R1 and R2). Subsequently, the BCPs in R1 and R2 and the 1D nodal 
lines will be studied in each region in detail. 
In R1, when the spin-orbit coupling is ignored, one can see that two BCPs (labeled A1 
and B1) appear in the X-M-Γ directions slightly below the EF. The symmetry analysis 
shows that the two BCPs correspond to the irreducible representations 𝐴𝐴1 and 𝐵𝐵2 of 
the 𝐶𝐶2𝑣𝑣 symmetry along the X-M-Γ paths. Because the system exhibits time-reversal (𝒯𝒯) 
and spatial inversion (𝒫𝒫) symmetries, the A1 and B1 BCPs should belong to a nodal line 
instead of isolated nodes [23,24]. To prove that the BCPs belong to a nodal line, a careful 
band structure calculation is performed along the M-Q (Q = X, a1, a2, a3, a4, Γ, b1, b2, 
b3, b4) paths in the 𝑘𝑘𝑧𝑧 = 0 plane (see Figure 8.6(b)). As exhibited in Figure 8.6(c), a 
series of BCPs around the EF along the M-Q paths can be easily found in the 𝑘𝑘𝑧𝑧 = 0 
plane. Based on the obtained results, one can conclude that these serial BCPs between 
the M-Q paths can form a closed nodal line (i.e., nodal ring) around the M point (see the 
red ring in Figure 8.6(b)). To further confirm the nodal ring in the 3D BZ, the 3D and 
2D maps of the CB and VB shapes (centered at point M) in the 𝑘𝑘𝑧𝑧 = 0 planes are given 
in Figure 8.6(d) and Figure 8.6(e), respectively. From these figures, the 1D closed nodal 
line, i.e., topological nodal ring (TNR), highlighted by white arrows, can be clearly 
found. Based on the 3D map of the CB and VB shapes, one can see that the TNR is very 
close to the EF and the energy variation of the TNR state is very small (range from -0.2 





Figure 8.6 (a) Band structure of quasi-2D 𝛼𝛼-FeSi2 in R1; (b) selected symmetry points 
and shape of the nodal ring in the 𝑘𝑘𝑧𝑧 = 0 plane; (c) calculated band structures along the 
M-Q (Q = X, a1, a2, a3, a4, Γ, b1, b2, b3, b4) paths; (d) and (e) 3D and 2D band plots 
of the nodal ring centered at the M point in the 𝑘𝑘𝑧𝑧 = 0 plane; (f) calculated band 
structure with SOC; and (g) projected spectra of 𝛼𝛼-FeSi2 (001) surface states with drum-





Figure 8.7 (a) Band structure of quasi-2D 𝛼𝛼-FeSi2 in R2; (b) selected symmetry points 
and the shape of the nodal ring in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 plane (highlighted by red circle); (c) 
calculated band structures along A-P (P = R, a1, a2, a3, a4, Z, b1, b2, b3, b4) paths; (d) 
and (e) 3D and 2D band plots of nodal ring centered at the A point in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 plane; 
(f) calculated band structure considering the effect of SOC; and (g) the projected spectra 
of 𝛼𝛼-FeSi2 (001) surface states with black-arrow-highlighted drum-head-like surface 
states. 
 
In R2, one can see two BCPs (named A2 and B2) located slightly above the EF along the 
R-A-Z directions (see Figure 8.7(a)). Similar to the two BCPs (A1 and A2) along the X-
M-Γ paths, the A2 and B2 BCPs in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 plane form a nodal ring. The symmetry 
analysis indicates that the A2 and B2 BCPs belong to the irreducible representations 𝐵𝐵1 
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and 𝐵𝐵2  of the 𝐶𝐶2𝑣𝑣 symmetry along the R-A-Z paths. The detailed band structure 
calculations along the A-P (P = R, a1, a2, a3, a4, Z, b1, b2, b3, b4) paths as well as the 
calculated 2D and 3D maps of the CB and VB shapes are collected in Figures 8.7(b)-(e) 
as strong evidence for the appearance of the 1D TNR in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 plane. As exhibited 
in Figures 8.7(c) and Figures 8.7(d) the TNR in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 plane is located in the range 
of 0.1 eV ~ 0.2 eV. The TNRs of two different planes are located at different energy 
levels, and these two regions should be easier to distinguish in experimental detection. 
Moreover, the two bands for BCPs A1 (A2) and B1 (B2) have opposite mirror 
eigenvalues, and all the BCPs are type I and are not located on the high symmetry lines 
[59] (see Figures 8.6(c) and Figures 8.7(c)). Therefore, at equilibrium lattice constants, 
quasi-2D 𝛼𝛼 -FeSi2 is a type I nodal line semimetal protected by 𝒯𝒯 , 𝒫𝒫 , and mirror 
symmetries. 
The orbital-resolved band structures for 𝛼𝛼-FeSi2 were calculated, and the results are 
given in Figure 8.8. These BCPs near the EF are mainly formed by the Fe-𝑑𝑑 orbitals. 
Because the bands around the EF are dominated by the Fe-𝑑𝑑 orbitals, the band structures 
under the SOC effect in R1 and R2 should be calculated to check whether the 1D nodal 
lines are gapped out. The obtained results are exhibited in Figure 8.6(f) and Figure 8.7(f), 
respectively. One can see that the SOC-induced band gaps open at the BCPs are very 
small (up to 18 meV), which is much smaller than those of most of the well-known NLSs 
previously predicted [29,57]. In Figure 8.6(g) and Figure 8.7(g), the (001) surface 
spectrum of 𝛼𝛼 -FeSi2 is displayed along the A�(M�) − R�(X�) − Z�(Γ�)  surface BZ. The 
BCPs are highlighted by orange circles (see Figure 8.6(g) and Figure 8.7(g)). One can 
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observe clear drum-head-like surface states around the bulk BCPs in 𝛼𝛼-FeSi2. It should 
be pointed out that the presence of DHL states is a remarkable feature of nontrivial NL 
semimetallic behaviors [22-25]. 
 
 
Figure 8.8 Calculated orbital-resolved band structures of the Fe (𝑑𝑑) and Si (𝑝𝑝) orbitals 
for quasi-2D 𝛼𝛼-FeSi2. 
 
More interestingly, without application methods that permanently modify the materials, 
such as vacancies or atomic doping, rich types of TNRs (see Figure 8.9) can be found in 
the 𝑘𝑘𝑧𝑧 = 0 and 𝑘𝑘𝑧𝑧 = 𝜋𝜋 planes under small perturbations, such as weak tunable biaxial 
strain. The author only considers the tunable TNR types under small perturbations from 
-2% to 2% biaxial strains. The phonon dispersions of 𝛼𝛼-FeSi2 under -2% and 2% biaxial 
strains as examples are exhibited in Figure 8.10, and one can see that this quasi-2D 𝛼𝛼-




Figure 8.9 Rich types of TNR transitions ranging from -2% to 2% biaxial strains in 
the 𝑘𝑘𝑧𝑧 = 0 and 𝑘𝑘𝑧𝑧 = 𝜋𝜋 planes. 
 
 
Figure 8.10 Calculated phonon dispersions for quasi-2D 𝛼𝛼-FeSi2 under -2% and +2% 
biaxial strains. 
 
In the 𝑘𝑘𝑧𝑧 = 0 plane, type I TNR can be maintained in the range of -0.29% to 2% biaxial 
strain. The band structures of quasi-2D 𝛼𝛼-FeSi2 under 0%, 1%, and 2% biaxial strains 
are given in Figure 8.11 and Figure 8.12. One can see that the two BCPs along the X-
M-Γ directions are all type I. However, as the biaxial strains increase, the size of the 




Figure 8.11 Band structures of quasi-2D 𝛼𝛼-FeSi2 under 0% (a), -0.29% (b), -0.84% (c) 
and -2% (d) biaxial strains. The type I and type II TNRs are marked by red circles and 










Figure 8.13 Schematic diagrams of the changing of opposite-pockets-like bands near EF 
in R3 and R2, respectively, in the range of -2% to +2% biaxial strain. 
 
Figure 8.11(a) and Figure 8.12(a) show opposite-pocket-like bands with an energy gap 
located at the M point above R1. When -0.29% biaxial stain is applied to this system, 
the opposite-pocket-like bands touch each other at point M in R3 (see Figure 8.11(b) 
and Figure 8.13). For biaxial strains ranging from -0.84% to -0.29%, the opposite pocket 
bands overlap with each other, and a new type I TNR appears in R3 (see the example of 
-0.84% in Figure 8.11(c) and the schematic diagram in Figure 8.13). In this case, one 
can observe type I double TNRs in the 𝑘𝑘𝑧𝑧 = 0 plane. From the application of biaxial 
strain (from -2% ~ -0.84%), the TNR in R1 simultaneously exhibits type I and type II 
BCPs and therefore is a hybrid-type. However, the type I TNR in R3 is retained, and 
therefore, double TNRs, composed of a type I TNR and hybrid TNR, can be found in 
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the 𝑘𝑘𝑧𝑧 = 0 plane in the biaxial strain range of -2% ~ -0.84% (see the example of -2% 
in Figure 8.11(d)). 
In the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 plane, the TNR in R2 transforms from type I (above -0.84% biaxial 
strain) to type II (below -0.84% biaxial strain). Examples of the band structures with -
0.29% and -2% biaxial strain are exhibited in Figure 8.11(b) and Figure 8.11(d), 
respectively. At the tipping point (under -0.84% biaxial strain), the TNR in R2 
disappears, and a triple degenerate point occurs. The occurrence of the strain-switched 
types of TNRs is due to the change in the opposite-pocket-behaving bands along the R-
A-Z paths (see Figure 8.13). 
Finally, the author wants to highlight the applications of 𝛼𝛼-FeSi2: (i) this is the first time 
that all types (type I, type II, and hybrid-type) of TNRs have been implemented in one 
high-quality material; (ii) different types of TNRs in R1, R2, and R3 are located in 
different energy windows. The intersection between the EF and the TNRs (composed of 
BCPs) in different regions (R1-R3) appears as long as the energy position of the EF is 
adjusted in the energy window [71]; (iii) such tunable strain can be realized by growth 
of high-quality thin film on a substrate with a piezoelectric or magnetic striction 
response. As shown in Figure 8.14(a), one can obtain 𝛼𝛼-FeSi2 thin film on piezoelectrics 
substrate by magnetron sputtering or pulsed laser deposition. For the piezoelectrics 
substrate, its deformation can be adjusted with the electric filed due to the converse 
piezoelectric effect. As exhibited in Figure 8.14(b), as the voltage is applied, the 
piezoelectrics will stretch or compress along the direction of the electric field; (iv) in 
addition to the types of TNRs, the numbers of TNRs in this material can be adjusted 
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under weak strain. As shown in Figure 8.9, the number of TNRs in this material changes 
from 3 →2 → 3 →2 under -2% ~ 2% biaxial strain; and (v) with a nominal iron 𝑑𝑑6 
configuration and a quasi-2D crystal structure, 𝛼𝛼-FeSi2 [70] is regarded as a candidate 
for possible unconventional superconductivity, and therefore, entanglement between the 




Figure 8.14 (a) Schematic diagrams of 𝛼𝛼-FeSi2 target on piezoelectrics substrate by 
magnetron sputtering or pulsed laser deposition systems; (b) Schematic diagrams of 





8.4 Additional discussions 
In this section, two remarks are given. First, it is well-known that GGA calculation 
usually underestimates the band gap and overestimates the band inversion. Therefore, 
Tao-Perdew-Staroverov-Scuseria (TPSS) [72] meta-generalized-gradient- 
approximation (MGGA) method is used to further check the band structure of 𝛼𝛼-FeSi2. 
Unfortunately, as shown in Figure 8.15, the band structures calculated via TPSS MGGA 
are somewhat difference with those calculated via GGA. However, the main results of 
the chapter are not changed. The strain switched closed nodal lines in quasi-two-
dimensional 𝛼𝛼-phase FeSi2 with TPSS MGGA method is shown in Figure 8.16. One can 
see that the band structures in Figure 8.16 are similar to those in Figure 8.11, indicating 
that the main conclusions in this work are retained when the TPSS MGGA method was 
selected. Second, as an example, the topological surface states under -2 % biaxial strain 
are shown in Figure 8.17. As shown in Figure 8.17(a), one can see that the drum-head-
like surface states locate outside the projected closed nodal lines along R� − A� − Z� 
surface BZ. However, the drum-head-like surface state under 0 % biaxial strain is 
located within the projected nodal ring as shown in Figure 8.7(g). Furthermore, along 
X� − M� − Z�  surface BZ, new drum-head-like surface states appeared due to the 
occurrence of closed nodal line in R3. Based on the study of Huang et al. [73], the drum-





Figure 8.15 band structure of 𝛼𝛼-FeSi2 calculated by TPSS MGGA method at 0% strain. 
 
 
Figure 8.16 calculated band structures of 𝛼𝛼-FeSi2 calculated by TPSS MGGA method 





Figure 8.17 (a) (c) the projected spectra of 𝛼𝛼-FeSi2 (001) surface states with black-
arrow-highlighted drum-head-like surface states under -2% biaxial strain; (b) (d) band 
structures of 𝛼𝛼-FeSi2 bulk under -2% biaxial strain. 
 
8.5 Summary 
Based on first-principles calculations, the author proposed a tetragonal quasi-2D 𝛼𝛼-
FeSi2 with topological nontrivial electronic states by featuring two type I closed nodal 
lines, TNRs, near the EF in the 𝑘𝑘𝑧𝑧 = 0 and 𝑘𝑘𝑧𝑧 = 𝜋𝜋 planes. The slight SOC-induced gap 
and the obvious drum-head-like surface states reflect that high-quality 𝛼𝛼-FeSi2 is quite 
suitable for experimental detection. Interestingly, for the first time, the author proved 
that this system can enjoy all types of TNRs (type I, type II, and hybrid-type) in different 
energy windows under very small biaxial strains. The strain-switched TNR types are 
attributed to the opposite-pocket-behaving bands near the EF. Therefore, the quasi-2D 
𝛼𝛼-FeSi2 proposed herein may provide a platform for the investigations of the correlations 
between type I, type II, and hybrid-type NLSs and for realizing a multifunctional device 
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9 Conclusions and future research 
In this PhD study, new nodal line materials with 1D TEs in realistic materials were 
investigated based on first-principles calculations. 
In Chapter 3, CsCl-type TiOs, ZrOs, and HfOs compounds are presented as nodal line 
materials without SOC with the PBE method. However, in the HSE06 method, only the 
nodal line states and BCPs in TiOs are maintained, and novel DHL surface states occur 
inside and outside the bulk nodal line states of TiOs. The more detailed computations 
show that there are three nodal lines (protected by the 𝒯𝒯, 𝒫𝒫, and mirror symmetries) at 
the X point; these nodal lines, which are protected by the 𝒯𝒯, 𝒫𝒫, and mirror symmetries 
in the 𝑘𝑘𝑥𝑥/𝑦𝑦/𝑧𝑧 = 𝜋𝜋 planes, are perpendicular to one another. Furthermore, these nodal 
lines are resistant to the effects of uniform strain, hole doping, and electron doping on 
the electronic structure. The TiOs system contains SOC-induced gaps, which are similar 
to those of CaAgAs compound. Finally, surface Dirac cones can be found in this system 
when SOC is considered; hence, the topological properties are maintained. 
Chapter 4 demonstrates that synthesized NaAlGe with an anti-PbFCl-type structure is a 
nodal line semimetal; NaAlGe naturally exhibits four nodal lines (NLs), with two type-
I NLs at 𝑘𝑘𝑧𝑧  =  0; the other two NLs (one hybrid NL (B1) and one type-I NL (B2)) are 
located in the 𝑘𝑘𝑧𝑧  =  𝜋𝜋 plane. All NLs in NaAlGe exist near the EF and do not coexist 
with other bands. More importantly, the DHL surface states of the bulk NLs can be 
clearly identified, which makes them well suited for experimental tests. The sizes of the 
NLs can be adjusted with a biaxial strain. The different types of NLs in this system make 
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it an interesting subject of research. Furthermore, SOC has little effect on the energy 
band near the EF in this material, which means that the NLs in NaAlGe, which are 
composed of light elements, are highly resistant to SOC. 
In Chapter 5, the synthesized compound BaLi2Sn with the 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃-type structure is 
presented as a “clean” topological semimetal with a 1D TE. When SOC is neglected, 
this material exhibits excellent intersecting nodal ring states in the 𝑘𝑘𝑥𝑥  =  0 and 𝑘𝑘𝑦𝑦  =
 0 planes. More importantly, the intersecting nodal ring states are near the EF and the 
nodal rings are not close to other bands. The existence of this perfect 1D TE is confirmed 
by the DHL states on the (010) and (100) surfaces. More importantly, the DHL surface 
states of the bulk TNR states can be clearly identified, which makes them well suited for 
experiments. When SOC is considered, although the SOC-induced gaps at the BCPs are 
open, a Dirac cross-like surface state appears in this system. 
In Chapter 6, 3D Nb3GeTe6 bulk and 2D monolayers are presented as new nodal line 
systems. The bulk material is an already synthesized material, and the monolayer is 
dynamically and highly thermally stable. Without SOC, Nb3GeTe6 bulk possesses a 
single closed NL in the 𝑘𝑘𝑥𝑥 = 0 plane and a 4-fold NL in the (𝑘𝑘𝑥𝑥 = 𝜋𝜋, 𝑘𝑘𝑧𝑧 = 𝜋𝜋) plane. 
The Nb3GeTe6 monolayer features a doubly degenerate, nearly flat NL along the X–S 
path. Furthermore, the NL along the S–X surface direction exhibits the following 
advantages: (1) it is nearly flat in energy with extremely small energy variations; (2) it 
is “clean” and has no other energy bands nearby; (3) it is very close to the EF. When 
SOC is considered, the Nb3GeTe6 bulk material belongs to the group of hourglass-like 
Dirac line-type materials; Nb3GeTe6 monolayer can still be represented as nodal line 
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semimetal because the SOC-induced gaps are quite small (below 20 meV). Owing to the 
nearly flat nodal line states in the monolayer, a peak is induced in S and PF at the Fermi 
energy around the energy position of the nodal line. Furthermore, an exceptional 
maximum of the PF platform appears around the Fermi energy level over a large range 
(−0.05 to 0.05 eV), which has not been observed in other normal 2D semiconductors or 
topological materials.  
In Chapter 7, synthesized P63/m-type HfIr3B4 compound is presented as a new 
topological semimetal with rich TEs; this compound features a 0D TE (i.e., the Dirac 
point at the K point), a 1D nodal line state in the 𝑘𝑘𝑧𝑧  =  0 plane, and a 2D nodal surface 
state in the 𝑘𝑘𝑧𝑧 = 𝜋𝜋 plane. The existence of a material exhibiting multiple 0D, 1D, and 
2D TEs in a synthesized compound is reported for the first time. Furthermore, this 
material can be used to build on-demand devices; the positions of the 0D–2D TEs 
relative to the EF can be adjusted with a gate voltage. 
In Chapter 8, tetragonal quasi-2D 𝛼𝛼-FeSi2 is presented as an NL material with two type-
I nodal rings in the 𝑘𝑘𝑧𝑧 = 0 and 𝑘𝑘𝑧𝑧 = 𝜋𝜋  planes. The slight SOC-induced gap and 
evident DHL surface states indicate that high-quality 𝛼𝛼 -FeSi2 can be easily 
experimentally investigated. It is proved for the first time that this system can include 
all types of nodal rings (type I, type II, and the hybrid type) in different energy windows 
under the action of very small biaxial strains. The strain-switched nodal ring types are 
attributed to the opposite-pocket-behaving bands near the EF.  
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All the nodal line materials presented in this thesis exist is reality. The author hopes that 
their topological and corresponding physical properties will be confirmed in 
experiments.  
In the future research, the author mainly focuses on the following three research topics: 
1. Note that low-energy electrons (topologically derived fermions, such as Weyl 
fermions) can have special properties such as spin polarization. Thus, the author 
will pay attention to the search of new 2D structures with novel topological nodal 
line states and 100% spin-polarization. Because these materials are possible 
candidates for application in future topological spintronic.  
2. Both topological fermions and bosons are elementary excitations in condensed 
matter systems, which can be considered as the corresponding topological 
quasiparticles. Phonons are the basic emergent Boson of crystalline lattice, and 
similar to fermionic electrons, topological phonons also existed in crystalline solids 
due to the phonons are constrained by crystal symmetries. Till now, nodal-line 
phonons in existing materials are rarely touched by researchers. More importantly, 
unlike electronic systems, the phonon systems are not constrained by the Pauli 
exclusion principle. Hence, the author will focus on topological nodal line states in 
the phonon systems. 
3. All the projects in this thesis are focusing on nodal line states with linear dispersions. 
However, in addition to conventional linear nodal lines, nodal lines with quadratic 
or cubic dispersions are also existed in 3D bulk materials. Hence, the author will 
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search for new symmetry-protected higher-order nodal line states in realistic 
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